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Introduction 

In this paper we prove the Tamagawa number conjecture of Bloch-Kato for 
CM elliptic curves using a new explicit description of the specialization of the 
elliptic polylogarithm. 

The Tamagawa number conjecture describes the special values of the L- 
function of a variety in terms of the regulator maps of the K-theory of the 



variety into Deligne and etale cohomology (see 1.1 for the exact formulation 



There are only two cases proven so far in the non critical situation, both due 



to Bloch and Kato [ Bl-Ka ]: The first is the Riemann zeta function (i.e. the 
case of Q) and the second the L-value at 2 of a CM elliptic curve defined over 
Q for regular primes. In the last case Bloch and Kato use an ad hoc method to 
describe the p-adic regulator of the K-theory. This does not extend to higher 
K-groups. 

The regulator map to Deligne cohomology was computed by Deninger 
[ Den2[ | with the help of the Eisenstein symbol. Here, the regulator can be 



described in terms of real analytic Eisenstein series (whence the name) and 
leads to a proof of the Beilinson conjecture for CM elliptic curves. For the 
Tamagawa number conjecture one needs an understanding of the p-adic reg- 
ulator on the subspace of K-theory defined by the Eisenstein symbol. In an 



earlier paper | Hu-Ki2 | we established with A. Huber the relation of the p-adic 
regulator of the Eisenstein symbol with the specialization of the p-adic elliptic 
polylogarithm sheaf. The problem remains, to compute these specializations. 

The elliptic polylogarithm is one of the most powerful tools in the study of 
special values of L-functions. All known cases of the Beilinson conjecture are 
proved or can be proved with specializations of the elliptic polylog. A universal 
property characterizes the polylog, which simplifies the explicit computations. 
So far, only the absolute Hodge realization of the elliptic polylog was under- 
stood, due to the extensive work of Beilinson and Levin Be-Ldj . Missing was 



a theory of the p-adic realization, which give manageable etale cohomology 
classes. Such an explicit realization is known in the cyclotomic case. The 



approach there, mainly due to Deligne |Del2| , uses torsors over G m \ 1 which 
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are ramified in 1. This is not transferable to the elliptic case, because such 
torsors over elliptic curves do not exist (there are no Galois coverings ramified 
in exactly one point due to compactness). In our approach we allow instead 
ramification at torsion points, constructing in fact torsors over E^E[l n ]. But 
this is not the only change of point of view compared to the cyclotomic case. 
The question is also, what is the group whose torsors we have to consider. The 
right choice is the group of torsion points of the torus with character group 
the augmentation ideal of the group ring of E[l n ]. 

It turns out that the elliptic polylogarithm is an inverse limit of p r -torsion 
points of a certain one-motive, which is essentially the generalized Jacobian 
defined by the divisor of all p r -torsion points on the elliptic curve E. The 
cohomology classes of the elliptic polylogarithm sheaf can then be described 
by classes of sections of certain line bundles. These sections are elliptic units 
and going carefully through the construction one finds an analog of the elliptic 



Soule elements of [po2 l. 



Now enters Iwasawa theory: By an idea of Kato, going back in part to 
earlier work of Soule [ So2|| , the etale cohomology groups can be described in 



terms of Iwasawa modules and Rubin's "main conjecture" [Ru2| allows to give 
a bound on the kernel and the cokernel of Soule's map from elliptic units to 
the etale cohomology. On the way we also need some of the tools developed 
by Rubin to prove the main conjecture and the whole theory is the second 
decisive input into the proof of the Tamagawa number conjecture. 

Let us finally give a rough sketch of the contents of this paper. More 
overviews can be found at the beginning of each section. In the first section 
we recall the statement of the Tamagawa number conjecture and formulate 
our main result |1.1.5| . After this we recall Deninger's construction of the K- 
theory elements leading to the Beilinson conjecture for CM elliptic curves. 
Here we also reduce to the computation of the specialization of the elliptic 



polylogarithm sheaf by using our earlier work [Hu-Ki2|. 

The second section reviews the "main conjecture" and relates the Iwasawa 
modules to etale cohomology. 

The next two sections are independent of the rest of the paper. The third 
section introduces the elliptic polylog and its specializations. The approach 
follows the important paper |Be-Lef| but puts the emphasis on different aspects, 
which are important for our geometric construction of the elliptic polylog. 

The technical heart of the paper is section four. Here we formulate the 
polylog as an inverse limit of torsion points of one motives. The cohomology 
classes of what we call "geometric polylog" are then computed as the classes 
of sections of certain line bundles. 
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The last section puts the various results together and gives the proof of 
the main theorem 1.1.5. 



It is a pleasure to thank Annette Huber for her constant encouragement 
and for the many discussions about the contents of this paper and related 
results. Pierre Colmez read a first version of this paper and pointed out some 
inaccuracies and gave valuable hints for improvement. I like to thank him 
warmly. Thanks go also to Christopher Deninger for insisting strongly that 
my computation of the Z-adic elliptic polylog should be turned immediately 
into a proof of the Tamagawa number conjecture. Also I like to thank P. 
Schneider for clarifying some point in Iwasawa theory. 



1 The Bloch-Kato conjecture for CM-elliptic curves 

This part of the paper contains our first main result, the Bloch-Kato conjecture 
for CM elliptic curves. For the precise formulation of our result we refer 
to |1.1.5| . This part is organized as follows: First we review the Bloch-Kato 
conjecture in the case of interest to us. Here we also formulate the main 
theorem. Then we recall the construction due to Deninger of elements in the 
K-theory of CM elliptic curves. These elements satisfy the Beilinson conjecture 
for these curves as was shown by Deninger. This is the starting point of 
our investigations of the Bloch-Kato conjecture. In the formulation of Kato, 
the conjecture is concerned with Z p -lattices of Q p -vector spaces namely etale 
cohomology groups. Using an idea of Soule (the elliptic Soule elements) and 
the machinery of the Iwasawa "main conjecture" developed by Rubin, we 
can describe the etale cohomology groups, or better the complexes computing 
them, fairly well. The Iwasawa "main conjecture" will be reviewed in section 



2.1 and the description of the etale cohomology groups is in section |2. 4 Finally, 
the last section contains the comparison between the elliptic Soule elements 
and Deninger's K-theory elements. Here we need the results of part |] and in 



particular theorem 4.2.9 



1.1 



The Tamagawa number conjecture of Bloch-Kato and the 
main theorem 



This section recalls the Bloch-Kato conjecture [ Bl-Ka j about special values of 
L- functions in the formulation of Kato [Kal] and | Ka2j ], We review this only 
for certain weights, which suffices for our purpose. Then we formulate our 
main result. 
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1.1.1 The Tamagawa number conjecture in the formulation of Kato 

Let X/K be a smooth proper variety over a number field K with ring of 
integers Ok- Fix integers m > and r such that m — 2r < —3 and r > 
inf (m, dim(X)). Let p be a prime number not equal to 2. Let S be a set 
of finite primes of K containing the primes lying over p and the ones where 
X has bad reduction. Let Os be Ojf[|] the ring, where the primes in S are 
inverted. Define Gal(-K/if )-modules 

V p :=H m (Xx K K,%(r)) 
T p :=H m (X x K K,Z p (r)) 

Let j : Spec K — ► Spec O5 and define the p-adic realizations to be 

H;:=H\O s ,j*T p ). 

We will omit the j*, if no confusion is likely. Define 

H hjZ := H™ n JX x Q C, (27TiY 



\r—l ' 



where the + denotes the fixed part under Gal(C/R) of the singular cohomology 
of X. Here Gal(C/M) acts on C and on (2Tri) r ~ 1 Z. 
Finally we need the K-theory of X: Let 



\(r) 



be the r-th Adams eigenspace of the 2r — m — 1-th Quillen K-theory of X. 
There are regulator maps due to Beilinson and Soule 

r v : H M ® Q R^ H h<z ®% R 

and 



r p : H M ®q Q p -» H 1 



called the Deligne regulator (see [Bel]) and the p-adic regulator (see po 



Remark: Note that because of our assumption r > inf (m, dim(X)), the 
Deligne cohomology coincides with i?/ l) z®zR (cf. [^ch2| sequence (*) on page 
9). The same condition (together with m — 2r < —3) also guarantees that 



Hi im = h; ® Zp % ( C f. ]g 2.2.6 (4)). 

Let us define local Euler factors for X. Let for a prime p \ p in Ok 
P p (V p ,s) := detQ p (l -Fr p Np- s |y/ p ) 
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be the characteristic polynomial of the geometric Frobenius Fr p at p on the 
invariants of V p under the inertia group Ip at p. For p\p set 

P p (V p ,s) ^detQ^l-^^Np- 5 !^^)) 

where D cris (V p )) := (V^®Q p 5 cr is) Gal(lQp/(Qp) and P is the arithmetic Frobenius. 
Define the L-function of X as 

L,s(V P ,s) := JJPpC^a)" 1 . 

Let Vp be the dual Galois module of V p . We now give Kato's formulation 
of the Tamagawa number conjecture. Here and in the rest of the paper the 
determinants are taken in the sense of Knudsen and Mumford [Kn-Mu]. 

Conjecture 1.1.1. (cf. iKai. ]) Let p / 2 be a prime number, r,m and S be 
as above. Assume that 

p p (v;(i),o)^o 

for all p £ S and that Ls(V* (1), s) has an analytic continuation to all of C. 
Then: 

a) The maps rx> and r p are isomorphisms and H p is finite. 

b) dimQ(^ )Z ® Q) = ord s=0 L s (V p *(l), s). 

c) Let rj G detz(Hh,z) be a TL-basis and let e := dirriQ^/^ (g) Q). There is an 
element ^ £ detQ(-ffvi) such that 

r v (0 = (lhns^L s (V;(l), S ))7 ] . 
This is the "Beilinson conjecture" . 

d) Consider r p (£) € detQ p (Hp ®i p Q p ), then r p (^) is a basis of the 7L p -lattice 

d^ p {RT{O s ,T p ))- 1 c det Qp (RT(O s ,V p )[-l]) ^ det Qp (Hl ® %p Q p ), 

i.e. 

[det Zp (H 1 p ):r p m p ]=#(H 2 p ). 

Remark: a) The assumption in the conjecture is true for abelian varieties 
with CM. 

b) The space H® is zero for weight reasons. 

c) Part b) follows from the expected shape of the functional equation, (see e.g. 
[pch2 ] proposition page 9). 

As our knowledge of K-theory is limited, let us also formulate a weak 
version of the above conjecture. 
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Conjecture 1.1.2. ( weak form of conjecture \1 . 1 . 1\) There is a sub space H' 
in Hj^i (the constructible elements of H_m) such that 
a') vd and r p restricted to Hj^ stI are isomorphisms and Hp is finite, 
b') same as b) 

c') There is an element £ 6 detQ(£T^ nstr ) such that 

r v (0 = (]hns- e L s (V;(l), S ))r,. 

s— >0 

d') The element r p (£) is a basis of the lip-lattice 

det Zp (i?r(0 5 ,T p ))- 1 c detQ p (RF(O s ,V p )[-l}) * detQ, (flj ® Zp Q p ). 



1.1.2 Elliptic curves with CM 

Before we formulate the main theorem, we introduce the elliptic curves we want 
to consider. We follow the notations and conventions in Dening cr [penlfl . Let 
K be an imaginary quadratic field with ring of integers Ok- Let E/K be an 
elliptic curve with CM by Ok- Note that this implies that the class number 
of K is one. We fix an isomorphism 

: O k = End K (£^), 

such that for uj £ T(Ek, &e k /k) an d a £ Ok we have ~d*{a)uj = auj. We fix 
also an embedding of K into C, such that the algebraic j-invariant of E is the 
same as the corresponding complex analytic j-invariant of Ok- Let us denote 
by 

ip : A* K -> K* C C* 

the CM-character or Serre-Tate character of Ek and let f be its conductor. 
The elliptic curve E has bad reduction precisely at the primes dividing f. 
Denote by ip the complex conjugate character. Its conductor is also f. 

Definition 1.1.3. Fix a prime number p. We let S be the set of primes in K 
dividing pf. 

Associated to ip is an L-series 

PtPf Nps 

We want to relate this to the L-function L$(E, s) of E. Recall the fundamental 
result of Deuring: 
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Theorem 1.1.4. (see j^/II 10.5.) Let L S (E/K,s) := L s (V p ,s) be the L- 
series of the Galois representation V p := H 1 (ExkK,Q p ) as defined in section 
\Tjlj . Then 

Ls(E/K, S )=Ls(^,s)L s ^,s). 

Let T p E = lim n E\p n ] be the Tate-module of E. This is a Gal(K/K)- 
module. Then H l (E x K K,Z p ) ^ Rom(T p E, Z p ) = T p E(-l), where O p := 
Ok <8> Z p acts now conjugate linear on T p E. There is a canonical isomorphism 

H 1 {E xqC, (2vri) r Z)+ H 1 (E x K C, (2-Ki) r Z) , 

where we used the fixed embedding K C C Let 

IP M (E,j) := (K(E) 2J _i ® Q)W 

be the 2j — i-th Quillen K-theory of E. 



For m = 1, r = k + 2 with k > in the notation of 1.1.1 we have 

Hi = H\O s ,T p E{k + l)) 
H h ^ = H 1 (Ex K C,(27Ti) k+1 Z) 
H M = H 2 M (E,k + 2). 

Note that on all these spaces we have a canonical Ox-action and that H^ % is 
an C^-module of rank 1. It is a result of Jannsen (| |Ja2[ | corollary 1) that if 
Hp is finite then the free part of H p is an O^-module of rank 1. 

1.1.3 The main theorem 

Now we can formulate our main result. We let O p := Ok ® %>p- 

Theorem 1.1.5. Let p ^ 2,3 and p \ N^/gf and k > 0. Then, there is an 
Ok submodule C H_m of rank 1 such that 

a) deto A ,(rx) (7^)) = L* s (tp, -k)deto K (H hjZ ) in deto K m{Hh,z <3> K) 
and 

b) The map r p induces an isomorphism 

det 0p (n^) deto p (RT(O s , T p E(k + l)))" 1 . 

Here L*(ip, —k) = lim s ^_fc L (^< s ) d eno t es the leading coefficient of the Taylor 
series ofL(ip,s) at —k. Moreover, if Hp is finite, r p is injective onlZ^p and 

det© flj/r p (7fy) s det 0p H%. 
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Remark: i) Part a) was proven by Deninger in [Dcnl]. This is the Beilinson 
conjecture for Hecke characters. 

ii) For k = and CM elliptic curves defined over Q with CM by Ok and p 



regular, part b) was proven in |B1-Ka[| . They used an ad hoc computation of 



the p-adic realization of the K-theory elements, which does not generalize. 

iii) Let us explain part b) in more detail: The Soule regulator 

r p : 7^ — H l p tg> Q p 

extends to a map to RT(Os, T p E(k+l))[— 1]®Q P because H p is zero for weight 
reasons. The determinant of this complex has as O p -lattice the determinant 
of RF(O s ,T p E{k + 1))[-1], which is det 0p {RT{O s , T p E{k + Part b) 

means that the determinant of the complex 

K^^RT{O s ,T p E{k + 1))[-1] 

is trivial. If H p is finite, and r p ® Q p an isomorphism, we get from this 
det 0p {H l p /r p (7^)) = det 0p H 2 p . 

iv) Note that H p is finite for almost all k > or for p regular. See the next 
section for remarks on the finiteness of H p . 

v) From this result for the set of primes S we get it for all other set of primes 



which contain S. This follows from |Ka2| 4.11 



As a corollary we get a result about Z p determinants and the L-function 
of E/K: 

Corollary 1.1.6. Under the conditions of the theorem 

a) det z {r v (n 4 ,)) = L* s {E/K,-k)det z (H hjZ ) 
and that 

b) det Zp {r p {Kip)) = det Zp (RT{O s , T p E{k + l)))" 1 . 

Here L*(E/K,—k) = lim s ^_fc L<yE ^ ,s ^ denotes the leading coefficient of the 
Taylor series of L(E/K,s) at —k. 

Proof. This follows from the theorem and the remark that if we multiply an 
£?R--module with an element L*(ip, —k) from Ok R, then the determinant 
is multiplied by the norm N Ox0R/R (L*(-0, -k)). But N 0jf 0R/M (L*(^, —A;)) = 
L*(E/K, -k). Part b) is obvious. □ 

Here is a short overview of the proof: We start by recalling Deninger's 
definition of K-theory elements and his main result about the relation of these 
to the L-value. Then we use an idea of Soule to construct a submodule of 

H\O s ,T p E{k + l)) 
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via elliptic units. Iwasawa theory allows us to compute the index of this 
submodule. The proof concludes with the comparison of this submodule and 
lid- This is the main step in the proof which needs the theory developed in 
part and in particular the explicit description of the elliptic polylogarithm 



of theorem 4.2. £. The injectivity of r p in the case that H 2 is finite, will be 



proved in section |5.2,2 



1.1.4 Some remarks concerning the finiteness of H 2 

Note that we do not prove that H 2 is finite. Nevertheless, there is the following 
result of Soule: 



Theorem 1.1.7. ( j$ol\J 1.5 proposition 3) For fixed p the group 

H 2 (O s ,T p E(k + l)) 

is finite for almost all k. 

For regular p, we have results of Soule and Wingberg: 
Theorem 1.1.8. ( j^So^ j 3.3.2, ^Wir^ cor. 2) Let p be a regular prime for E 



(see e.g. i Soi l 3.3.1 for the definition of regular), then 

H 2 (O s ,E\p™}(k + l))=0. 

It is easy to see that this vanishing implies the finiteness of H 2 (cf. 
lemma 1). 

In i f-V.^I it iv. r'nniMi'l 1 1 iwl i li-.it / ( 



Remark: In |Ja2] it is conjectured that H 2 is always finite. 



1.2 Review of the Deninger elements for CM elliptic curves 
over an imaginary quadratic field 



Here we describe briefly the construction by Deninger [Denl] of the elements 
in K-theory, which interpret the L-value up to rational numbers as predicted 
by Beilinson's conjecture. 

We are interested in the L-values L(ip, k + 2) with k > 0. Thus according 
to |1.1.1| we need an element in H 2 M {E, k + 2). 

1.2.1 The Deninger Beilinson construction 

We fix an algebraic differential uj G H g {E,VLe/k) an d let V be its period 
lattice. Then we have an isomorphism 

e(c) -> c/r 
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using the fixed embedding K C C. This isomorphism is equivariant for the 
action of complex multiplication and because j(E) = j{Ok) the lattice is of 
the form V = VLOk for some fi E C*. Fix an Ok generator 7 € Hi(E(C), Z), 
then 



O = J uj. 



Recall that f is the conductor of ip and the locus of bad reduction of E. Let 
Z[i?[f] \0] be the group of divisors with support in the f-torsion points without 
of E, defined over K. Beilinson defines a map: 



Theorem 1.2.1. ([ Belt J There is a non-zero map, a variant of the Eisenstein 
symbol, 

Z[£[f] \ 0] H 2k + 2 {E 2k+ \2k + 2), 

where E n := E Xk ■ ■ ■ Xk E. 

Deninger constructs a projector 

K M : H 2 ^ +2 (E 2k+1 ,2k + 2 )^H 2 M (E,k + 2) 

as follows: Let dx be the discriminant of K and \fd~K be a square root of dx- 
Complex multiplication gives a map 

5 = (id, ti(y/d£)) :E^Ex K E 

and taking this /c-times gives 5 k x id : E k x k E —>■ E 2k Xk E. Then 

Km = Pr* o{5 k x id)* 

where pr is the projection E k Xk E — > E onto the last component. Hence we 
get a map 

KmoS 2 ^ 1 : mitt n 0] - H 2 M (E,k + 2). 

1.2.2 The Beilinson conjecture for CM elliptic curves 

Following Deninger we define an element (3 in Z[i£[f] \ 0]. Let -RT(f) be the ray 
class field associated to f and note that K(j) = K(E[f\). 
Let / be a generator of f. Then 

(1) nr 1 e r'r 
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defines an element in £7[f](if (f)). This gives a divisor (ttf 1 ) in Z[i£[f] \ 0] 
defined over K(f) on which the Galois group Gal(K(f)/K) acts. We define: 

This is a divisor defined over K. Recall that 7 is an Ok generator of Hi(E(C), Z). 
By Poincare duality we have an isomorphism (conjugate linear for the Ox- 
action) 

H x {E(C),Z(k + 1)) = Rom(H 1 (E(C) 1 Z),Z(k)) = Hi{E(C),Z(k)). 

Denote by 77 the Ok generator of H 1 (E(C), Z(fc + 1)) corresponding to (27ri) fc 7 
under this isomorphism. We can now formulate the main result of ]Denl | in 
our case: 

Theorem 1.2.2. ( j{Denl\j thm. 11.3.2) Let (3 and r] be as above and define 

where L p (ip,—k) is the Euler factor of ip at p, evaluated at —k. Then 
rv(Z) = L* s @, -k)n G H l (E x^C, (27u) fe+1 R), 

where L* s ($, -k) = lim s ^_ fc Lg( f' s) . 

Note that Lpty, —k) = 1, if p|f. We can now define the space of the 



main theorem 1.1.5 



Definition 1.2.3. We define 

:=iO K C H 2 M (E,k + 2) 
to be the OK-submodule of Hj^(E, k + 2) generated by £. 

Note that by the above theorem, TZ^p is an ^--modules of rank 1. 
Corollary 1.2.4. With the above notation 

r v (det z (K ij )) = L* s (E/K,-k)detz(H 1 (E(C),Z(k + l))). 
where S is the set of primes in K dividing pf. 

Proof. This follows from the theorem and the remark that if we multiply an 
Oif-module with an element L* s (ip, —k) from Ok <8> ^, then the determinant 
is multiplied by the norm N OKm/R (L* s (tp, -k)). But ^o K m/M.( L *s(^, ~ k )) = 
LUE/K,-k). □ 
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1.2.3 The space r p {TZ^) in terms of the specialization of the elliptic 
polylog 

Recall from definition 1.2.3] that the space IZ^p is generated as an Ox-module 
by the element £ from theorem 1.2.2 . The element £ is up to some factors of 
the form JCm°£m +1 (P)- Let us define 

t := nr 1 

with the notation from ||. This is an Nrvq f-division point. Then we have 
P = Njr (0/Jf ((t)). Now let 

([3*Vol Qp ) 2k+1 G ff^Os.Sym^W^Cl)) 

be the specialization of the polylogarithm as defined in |3.5.9[ We have the 
following comparison theorem: 

Theorem 1.2.5. There is an equality 

r p (£% + \p)) = -Nf k+2 ((3*Vol Qp ) 2k + 1 
in ^(Os.Sym^HQ^l)). 



Proof. The formula is the combination of two results: Theorem 2.2.4 in [Hu-Ki2], 
which states that 

r p (Eiffi\ e p)) = -Nf k ((3*Vol Qp ) 2k+1 

where Eis 2 ^" 1 is Beilinson's Eisenstein symbol and g the horospherical map. 
Note that what is here called (/?* Vol Qp ) 2k+1 is in loc. cit. ((3* Vol Qp ) 2k+2 . 
Furthermore, according to [ pen2j| formula 3.35., 

^ +1 (/?) = Nf 2fc+2 ^ +1 (^). 



Note that the formula 3.35. in [ Dcn2 | uses an other normalization of the 
horospherical map and that there is a factor Nf missing because of a wrong 
normalization of the residue map (the residue of ^ in formula (3.7) in loc. 
cit. is not 1 but N). □ 

We have now two tasks: To compute the specialization of the elliptic poly- 
log and to identify the etale cohomology groups to compute the "index" of 
7p(7^v) m ^(Ps-, Sym 2fc+1 Hz p (l)). The answer to these problems involves 
elliptic units and we will start to use Iwasawa theory and Rubin's proof of the 
main conjecture to identify the the etale cohomology groups. 
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2 Iwasawa theory 



This section treats the relation between certain Iwasawa modules and etale 
cohomology. Rubin's "main conjecture" is used in an essential way. We first 
review the results of Rubin and then use an idea of Soule to produce elements 
in etale cohomology using elliptic units. An idea of Kato, which partly goes 
back to Soule as well, allows to compare the elliptic units and etale cohomology. 



The main result of this part is theorem 2.2.11 



2.1 Review of the "main conjecture" of Iwasawa theory for 
CM elliptic curves 

In this section we review the "main conjecture" of Iwasawa theory for CM 



elliptic curves proved by Rubin [Ru2|. This will be used in section ^ to 



reduce the Tamagawa number conjecture to an "index computation" . 
2.1.1 Definition of the Iwasawa modules 



We follow Rubin [Ru2|: Let E/K be as before an elliptic curve with CM by 
Ok, K an imaginary quadratic field. We fix an embedding of K into C and 
view K as a subfield of C. Fix a prime p \ #O k and a prime p of lying 
over p and denote by I?[p n ] the p n -torsion points of E. Let K n := K(E[p n+1 }) 
be the extension field defined by these torsion points and K x := lim n K n . 
Denote the ring of integers in these fields by O n (resp. Coo)- Then A := 
QaKyKo/K) has order prime to p and T := Gal(X 00 /Xo) is isomorphic to Zp\ 
Let Q := Gal(-K"oo/-K") be the Galois group of the extension K^/K. Then 
Q = A x T. Define A n to be the p-part of the ideal class group of K n , £ n to 
be the group of global units 0* of K n and Un the local units of K n ®k Kp 
which are congruent to 1 modulo the primes above p. For every prime v of 
K n above p there is an exact sequence 

(2) I-W^-J^-Zxk;-! 

and Un = ©„|p^n.i>- Here U n ^ are the local units congruent to 1 modulo v 
and K n is the residue class field of K nv . Let C n be the elliptic units in K n 



as defined in | Ru2 ] paragraph 1. We recall their definition. For every ideal 



a G Ok prime to 6 consider the function 9 a (z) that will be defined in 4.2.2. 



The function 9 a {z) is a 12-th root of the function in [dcSh] II. 2. 4. 
Let t := Qf^ 1 and a be an ideal prime to 6f. 
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Definition 2.1.1. (cf. ftRuS j 11.2) Let C n be the subgroup of units generated 
overZ[G&l{K n /K)] by 

where a runs through all ideals prime to 6pf, K(j) is the ray class field defined 
by f and h n is a primitive p n -torsion point. Define 

Cn • — /^oo(-^n)Cn) 

the group of elliptic units of K n . 

Denote by £ n and C n the closures of £ n PiUn resp. C n PiUn in Un- Finally 
define 

Axd := lim n .A n , £ OQ := lim n £ n , : = hm n C n , := lim^ 

where the limits are taken with respect to the norm maps. Denote by M^o the 
maximal abelian p-extension of which is unramified outside of the primes 
above p, and write X$o '■= Ga^M^/i^oo). Global class field theory gives an 
exact sequence 

(3) Foo/Coo U^/Coo ^ 0. 

Define the Iwasawa algebra 

Zp[[g]] :=lim n Z p [[Gal(K n /^)]] 
this has an action of Z p [A]. For any irreducible Z p -representation x of A, let 

and let for every Z p [A]-module Y be Y x := e x Y be the x-isotypical compo- 
nent. In particular we define 

A* :=Z P W\*=R X [\T]] 

where R x is the ring of integers in the unramified extension of Z p of degree 
dim(x). As we will work with Z p [[r]] <g) p -modules, we let 

A:=O p [[T}}. 

Then , C£„ USc X , A^ and X* are finitely generated A x -modules (see [ |Ru2| | 
paragraph 5). The modules A£o and £ are even torsion A x -modules. 
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2.1.2 Rubin's "main conjecture" for imaginary quadratic fields 

We have the following lemma due to Kato: 



Lemma 2.1.2. (see [Ka!k] proposition 6.1.) Let Y be a finitely generated 
torsion A x -module. Then 

det A x(Y) = char(Y), 
where char(Y) is the usual characteristic ideal in Iwasawa theory (see e.g. 



Ruk J paragraph 4 ) &nd the determinant is taken in the sense of /J^n-Mu\j . 



With this lemma we can formulate the main result of |Ru2] as follows: 

Theorem 2.1.3. (W^M theorem 4.1.) Letp^#0* K . 

i) Suppose that p splits in K, then 

detAx(^) = detAx^/C^). 

ii ) Suppose that p remains prime or ramifies in K and that x is nontrivial on 
the decomposition group of p in A, then 

det A *(.A*) = detAx(£*/C*). 

Using the theory of the determinant and the exact sequence (|3|) we get: 

Corollary 2.1.4. In the situation of the theorem 2.1.% 

det A x(^ x ) = det A x(^ x /C^). 

We need a variant of this. Let be the Galois group of the maximal 
abelian p-extension M^o of which is unramified outside of the primes above 
p. In the case where p is inert or ramified this is the same as X$o. Define also 



if p = pp* is split, and 



Woo := Ul x Ul 



if p is inert or ramified. Let similarly y n be the p-adic completion of (K n fSiQp)* 
and 3^oo := |niin} , n- We have an inclusion Uoo C y^. Class field theory gives 

(4) ► ^Oo/^OO * Woo/^-'OO * Xqq > wAqo * 0- 

where Coo is diagonally embedded into Uta x Uoo if p is split. On this sequence 
acts Q and we get: 
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Corollary 2.1.5. 



det A x (*«,*) = det A x(Z4o X /0 



Lemma 2.1.6. Let p \ Nf be a prime. If p splits in K , the inclusion — > 
3^oo is an isomorphism and if p is inert or ramified in K, there is an exact 
sequence 

O^Uoo^yoo^ Z P [A/A p ] 0, 

where A p is the decomposition group of p in A = G&1(Kq/K). 

Proof. We have exact sequences 

1 > U n ,v > K n v > Z x K n > 1 

where K n is the residue class field of K nM . By definition U n = (§} v \ p Un,v 

As the order of the residue class field k* is prime to p, we have an exact 
sequence 

-» lim n U n , v /p n -» lim„iC* -» Z p -» 0. 



As £" has good reduction at p, we now how p decomposes in K n (see [Rul] 
prop. 3.6). If p is split, the ramification degree of v in K n+ \ is p and the 
degree of K n+ \ over iT n is p 2 . Hence the norm map induces multiplication 
by p on Z p and the inverse limit over these maps is zero. This gives the first 
claim. In the case where p is inert of ramified, v is totally ramified in K n+ \ 
and the norm map from K*, v — > K* v induces the identity on Z p . Putting 
these sequences together for all v\p and using ©„| p Z p = Z p [A/A p ] gives the 
result. □ 

2.2 Reductions via Iwasawa theory 

In this section we use Rubin's "main conjecture" of Iwasawa theory to reduce 
the Bloch-Kato conjecture to a comparison between the space IZ^ of 1.2.2 and 
the elliptic units Coo- 
We have a subspace 

r p (7^)c H\O s ,V p ) 

where O s = O k [^\ and V p = T p E(k + 1) ® Q p . Recall that 5 is the set of 
primes of K dividing pf. We want to compute the relation of the submodule 
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f p {Tlip) to H 1 (Os,T p E(k + 1)). Our method, which is inspired by Kato's 
paper jKa2 ], relates the module r p (lZ^) to a certain submodule defined by the 



elliptic units C^. This submodule in turn is defined using an idea of Soule. 
Our aim is to relate the determinant of (8 T p E(k) to the determinant of 



RT(Os,T p E(k + 1)) (see theorem |2.2.11| for the exact formulation). 

In this section p is always a prime which does not divide i^O* K and where 
E has good reduction over the primes above p, i.e. p \ N f . 

Denote by abuse of notation by S p the set of primes over p in the ring O n 
for every n and by O nt s p the ring of integers in K n where the primes above 
p are inverted. We define 0oo,s p := hni n Cn,s p - Similarly we define O n ^s and 

Coo,S- 

2.2.1 Review of the Soule elements 



We keep the notations from the section |2.1 . 

Denote by T p E = lim n E\p n ] the Tate module of E and let T p E(k) := 
T p E (8 "L p {k) its Tate twist. This is a O p <g> Z p [[C/]]-module. We start by 
defining a map in the spirit of Soule 

Coo ®% v T p E(k) -> H\O s ,T p E(k + 1)) 

here T p E{k + 1) is a sheaf on because it is unramified outside of S. Write 

H\Os,T p E(k + l)) = ^m r H\O s ,E\p r+1 ](k + l)) 

and let for a norm compatible system of elliptic units (6 r ) r and an element 
(t r ) r G T p E(k + 1) 

e p ((6 ) r (8) t r ) r ) := (N Kr / K (6 r (g> t r )) r 
where 9 r <g> t r is an element in 

o; jS /(o* r>s r r+1 is c f 1 ^, + 1)) 

(the inclusion comes from Kummer theory) and ~N Kr j K is the norm map on 
the cohomology. According to Soule ( |So2(| lemma 1.4) this gives a projective 
system of elements in H 1 (Os,T p E(k + 1)). The map e p factors through the 
coinvariants under Q, so that we can make the following definition: 

Definition 2.2.1. The Soule elliptic elements are defined by the map 

e p : (C 00 ®T p E(k))Q^H x (Os,T p E(k + l)). 

We want to investigate to what extend this map gives generators for 
H 1 (Os,T p E(k + 1)), i.e. what is the kernel and cokernel of the map e p . 
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2.2.2 The Tate-Poitou localization sequence 

Our main tool in describing H l (Os, T p E(k + 1)) in terms of elliptic units will 
be the Tate-Poitou localization sequence. It is convenient for us to write down 
a derived category version of it. 

For technical reasons we have to work first over Kq. The reason for this is 
that over Kq the module T p E(k + 1) is unramified outside of the primes above 
p: 

Lemma 2.2.2. (fiju^l.S) Ifp\#0* K , th en over Kq the elliptic curve E has 
good reduction at all places not dividing p. In particular there exists a model 
of E over 0o,S p o,nd T p E{k + 1) is unramified. 



The localization sequence now reads as follows (sec [ Ka2 | (6.3)). Here * is 
the Pontryagin dual Hom 0p (_,(Q>p/Zp (g> Zp O p ). 

RT(O , Sp ,T p E(k + 1)) -^Rr(K ® Q p , E\p°°]{-k))*[-2] 

^RT(O 0jSp ,E\p°°}(-k)r[-2} 

where we have used the identification 

E\p°°](-k) = Rom 0p (T p E(k + 1), Q p /Z p (l) ® O p ). 

Our next task is to rewrite this Tate-Poitou sequence in terms of Iwasawa 
theory. 

2.2.3 Identification of some Galois cohomology groups with Iwa- 
sawa modules 

Let us define 

^(K^^Q^Eip^i-k)) : = lun n H 1 (K n ®Q p ,E[p QO }(-k)) 

= \\m n Q)H 1 (K n)V ,E[p co ]{-k)). 

v\p 

Note that there are only finitely many primes above p in K^. 
Proposition 2.2.3. There are isomorphisms of O p [[G]]-modules 

Xoc T p E(k) * fr^Ooo^.^b 00 ] (-*))* 
Joo T p E(k) * H 1 ^ ® Q p ,£[p°°] (-&))*, 

where * is the Pontryagin dual Homo p (-, Qp/^p &>z p Op)- 
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Proof. We have 

= Hom(Gal(M? 
= X 00 ®T p E{k). 

In the local case, we have an isomorphism 

H 1 (K n ^q p ,E[p n }(-k)) = ^H 1 (K n , v ,E[p n }(-k)) 

v\p 

= 0Hom(Gal(K n , t ,/K) ab , J E[p"](-fc)) 

v\p 

By class field theory 

Rom(G a l(K n , v /Kr h ,E[p n ](-k)y - K* t Jp n E[p n ]{k) 

so that 

H^Koo^Q^Efr^i-k))* = @yoo®T p (k). 

v\p 



□ 



2.2.4 Rewriting the Tate-Poitou localization sequence in terms of 
Iwasawa theory 

To proceed further, we need the following vanishing result. 

Proposition 2.2.4. The groups 

H 2 (K 00 ®® p ,E\p°°](-k)) and H^O^s^Elp^K-k)) 

are zero. 

Proof. By local duality we have 

H 2 (K n (g> Qp,E[p°°}(-k))* = H°(K n (g> Q p ,T p E(k + 1)) = 0. 



On the other hand it is a result of Schneider |Schl | 4.1 that the cohomology 
group F 2 (0 00i s p ,Qp/Zp(-A;)) is zero. As 

H^O^Eip^i-k)) = H 2 (0^ Sp ,Q P /^ P (-k)) ®z p T P E 

this proves our claim. □ 
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This vanishing result implies that we get actually a map from the Iwasawa 
modules to complexes computing the Galois cohomology. 

Corollary 2.2.5. There are exact triangles 

^co®W)[l] - RTiKoo <g> Q p ,E\p°°]{-k)y - H (ifoo ® Qp^b^K-*))* 
A^®r p £;(A;)[l] -» OTCOooA^^K-Aj))* -» H o (0 O o 1 s p ,£b OQ ](-*O)* 

Proof. The propositions |2.2.3| and |2.2,4| show that we have a canonical map 
from <g> T p £(fc)[l] to fflXifjx, <g> Q p , E[p°°]{-k))* because the second coho- 
mology vanishes. The same argument gives the result for X oa ®T p E{k)[V\. □ 

To relate these groups to the cohomology groups of Os p we want to take 
the coinvariants under T = Gal(X 00 /i^o)- 

Lemma 2.2.6. Let M be an perfect complex of A = O p [\T]]-modules. Then 
there are canonical isomorphisms 

m* ®\o p i?r(r,M)* 

where the right hand side is the (continuous) group cohomology ofT and M* = 
Hom(M, Qp/Zp ® O p ). 

Proof. We have 

RRom A (O p ,M*) = i?Hom A (0p,Hom(M,Q p /Zp ® O p )) 
= i?Hom A (M ®\ O p , Q p /Z p ® O p )) 

which by biduality M** = M proves our claim. □ 



Corollary 2.2.7. There are exact triangles 

CVoo ® TpE(k)) ®\ O p ^RT(K ® Q pj (-&))*[-!] 



and 



Rr(T,H (K oo ®Q p ,E\ P ° o ](-k)))*[-i] 



® TpE(k)) ®\ O p ^Kr(O 0i s p ,E\p°°](-k)y[-i\ 



Proof. Apply lemma 2.2.6 to the exact triangles in corollary |2.2.5| . 



□ 
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Now we come back to the Tate-Poitou localization sequences over Oq,s p 
RT(O 0jSp ,T p E(k + 1)) ->RT(K ®Q p ,£[p°°] (-*;))*[- 2] 

and the map e p . Recall that 

e p : Coo <8> T pJ B(A:) -> H l (0 Sp ,T p E(k + 1)) 

(see definition 2.2.1] ) and taking in the definition of e p only the norm maps to 
Kq we get a map: 

e p : Coo ® r p £(fc) H\O , Sp ,T p E(k + 1)) 
As H°(Oo : s p ,TpE(k + 1)) = for weight reasons, we get a map of complexes 

e p : (Coo ® T p £(fc)) <gft O p - RT{0 QtSp ,T p E{k + 1))[1]. 
This is compatible with the maps defined before: 
Lemma 2.2.8. The following diagram is commutative 

(C 00 ®T p E{k))®\O p Rr(O ,s p ,T p E(k + !))[!] 



(^oo ® T P £(A;)) < P 



i?r(K 



Sfe^K-A:))*]-!] 



(*oo (8i r p £7(fc)) gft O p 

Here a is induced by the map 3^oo/Coo — * ^oo- 

Proof. The commutativity of the lower square is clear. Let us treat the upper 
square. The map 

0>oo ® T p E(k)) T - H 1 (Kq ® Q p , E\p°°}{-k)y 

is the dual of the corestriction 

H\K ® Qp^tp 00 ] (-*;)) -> ^(EToo ® Q p ,^b 00 ](-^)) r - 
By the local duality theorem the corestriction map is dual to the norm map 

H 1 ^ ® Q p , T p E(k + l)) r -> ff 1 ^ ® Q P , T p £(fc + 1)). 



This together with the definition of e p proves our claim. 



□ 
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2.2.5 The comparison theorem between elliptic units and Galois 
cohomology 

The next step is to relate the determinants of (Coo 8> T p E(k)) <g>J( O p and 
RT(Oo t s p ,T p E(k + 1)) as O p [A] -modules. For this we need Rubin's "main 
conjecture". As the "main conjecture" is not proven for characters of A, 
which are trivial on the decomposition group A p of p, we need the following 
lemma: 

Lemma 2.2.9. Let p be inert or ramified, where p is a prime over which E 
has good reduction. Let x be the A representation on Homo p (T p E(k),O p ). 
Then A p = A and x ^ s non trivial on A p . 

Proof. Let p be an inert or ramified prime and x' be the A representation on 
T p E. Then x' is irreducible (jRu2| 11.5.) and because E has good reduction 



the prime above p is totally ramified in K ( jRuTH 3.6.) and A ^ (0/p)*. Now 



x' is two dimensional and x is simply a twist of x' by a power of detx'- Thus 
X acts non trivially on Homo p (T p E(k), O p ). □ 

Corollary 2.2.10. Let x be the A representation onHomo p (T p E(k),O p ) and 
p \ N f be a prime. Then 

u x =y x 



Proof. If p is split this follows immediately from lemma 2.1.6| and if p is inert 



or prime in K this follows from the same lemma and the above result because 
the x-eigenspace of O p [A/A p \ is zero. □ 

We can now formulate the main theorem of this section. 

Theorem 2.2.11. Let x be the A-representation on Homo p (T p E(k),O p ) and 
assume thatp\ Nf. Then the map e p induces an isomorphism of O p -modules 



det 0p (JC ® Qp T p E(k)) ®^ O p j det 0p (RT(O s ,T p E(k + l)))' 1 . 

The rest of this section is concerned with the proof of this theorem. Let 
us first show: 

Proposition 2.2.12. Let x and p be as in theorem \l.2.1\ , then 

det Op (i?r(g,^ (K oo ®Q p , J B[p oo ](-A : ))) 5* O p 
deto^RTiG^^O^Elp^i-k))) * O p 
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Proof. The action of Q on T p (k) = O p is via a character Q — * O*. This gives 
a surjection O p [[r]] — > T p E(k). As T = Z p the kernel of this surjection is an 
ideal with height 2 and hence 



det 0p[[g]] (T p £;(fe))-O p [[g]]. 



This implies det q (T p E(k) 



'Or, 



O p ) = O p . Lemma 2.2.6 then implies the 



claim. 



□ 



Recall that by corollary |2.2.1C we have an isomorphism 



U x = y x 



Corollary 2.2.13. The triangles in corollary 2.2.% give rise to isomorphisms 



deto p ((U* ®o p TpE(k)) ®\ Op) det Op (F (A, RT(K 



E\p°°}(-k))*[-l})) 



det 0p ((** ®o p T p E(k)) ®\ Op) - deto p (H (A,RT(O , Sp ,E[p°°}(-k)y[-l])) 



Proof. The complexes in the triangle in [2.2.7| are (9 p [A] -modules and we apply 
RT(A, _). Then 

i?r(A,^oo ®o P TpE(k)) * yx ® 0p TpE(k) 

by definition of \- The same holds for ®o p T p E{k). The result follows 
with proposition 2.2.12. □ 



Corollary 2.2.14. There is an isomorphism of determinants 
det 0p (H°(A,Rr(O , Sp ,T p E(k + l))))" 1 



det 0p {(U* ®o P T p E{k)) ^ O p ) det 0p [X* ® Qp T p E(k) ^ O 

Proof. Apply RT(A,_) to the triangle 

RT(O ,s p ,TpE(k + l)) -^ J Rr(^ <»Q P ,^b oo ](-^)*[-2] -» 

-^it!r(Oo J s p! ^[p 00 ](-A ; ))*[-2] 

and use the above corollary. □ 

Finally, we need to investigate the relation of the cohomology of Oo,s p and 
Oo t s, which is the integral closure of Os in Kq. 



-i 
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Lemma 2.2.15. Let p and x be as in the theorem \2.2.11 . The restriction 
map of cohomology of Oo,5 p to Oo,S induces an equality of determinants 

det 0p {H°(A,RT(O ,s p ,T p E(k + 1)))) 5* det 0p (#°(A, RT(O , s , T p E(k + 1)))) 

^det 0p (RT(O s ,T p E(k + l)))). 

Proof. There is an exact triangle 

RT(0 ,s p ,T p E(k + l))^RT(Oo,s,T p E(k + l))^ RT K{v) (O v ,T p E(k + 1))[1] 

where is the local ring at u . As T p E(k + 1) is unramified at the places v 
in fTo, which are in S \ S p we have by purity 

RT K(v) (O v ,T p E(k + 1)) ^ RT( K (v),T p E(k)). 

Let us prove that 

H°(A, flr(«(t;),T p E(fc))) = 0. 

For this note that H 1 (K(v),T p E(k)) = T p E(k) G ^r^^,,^ are the coinvariants 
and that H° = 0. Fix a prime v £ S \ S p of K dividing f, then the primes vq\v 
of Kq are permuted by A. Fix vq dividing v and let A Vo be the stabilizer of 
vo. It suffices to prove that A„ acts non trivially on T p E(k) G ^r^,,sy Let 
I VQ C A Vq be the inertia group of i>o. This group is non trivial because Kq/K 
is ramified above v by lemma 2.2.2 and it acts non trivially on T p E{k) because 
1*0 |f and by the Neron-Ogg-Shavarevich criterium. This proves our claim. □ 

Now we can prove the theorem. 

Proof, (of theorem 2.2.11| ) Let \ and p be as in the theorem. By Rubin's 
"main conjecture" |2.1.5| we have 

det Gp ((W* /C* ) ® T p E(k) ®\ O p ) * det A ((Z^/C* ) ® T p E{k)) ® A O p 

^det A (^OTpEffc))^^ 
det 0p (#* ® T p £(A;) <gft O p 

On the other hand, 

det A x(^/C^) * det A x(W£) ® detA*^)" 1 . 
This together with the above corollaries gives the result. □ 
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3 The elliptic poly logarithm sheaf 



We start afresh with the aim of computing the specialization of the elliptic 
polylog. For this we have to recall the definition of the polylogarithm sheaf 
and give a geometric interpretation of it. 



We review here mostly Beilinson and Levin [ Bc-Ld] , Everything that fol- 



lows will be in the general setting of an elliptic curve over any base S. Because 
of this we start with fixing the notations. Then we review the unipotent ellip- 
tic polylog of Beilinson and Levin. For our geometrical construction we need 
a different description of this polylogarithm sheaf in terms of the fundamental 
group of the elliptic curve. This description is in section |3.3|. The comparison 



of these two approaches will be carried out in section 3.4. Finally we consider 
the specialization of the polylogarithm sheaf at torsion points. This gives the 
Z-adic Eisenstein classes. 



3.1 Notations and conventions 

Let S be a scheme, and I be a prime number invertible on S. We fix a base 
ring A := Z// r Z,Z^ or Q;. In this section we introduce some notations for 
elliptic curves over S and for pro-A-sheaves. 



3.1.1 Elliptic curves and coverings 

Definition 3.1.1. An elliptic curve is a smooth proper morphism W : E — > S 
together with a section e : S — > E, such that the geometric fibers Eg of W are 
connected curves of genus 1. 

We introduce the following notation: On E we have the multiplication by 
N map, which we denote by [N]. We let H n := ker[P] and we denote by E n the 
curve E over S considered as a ff n -torsor over E. The ^-multiplication map 
will then be denoted by p n : E n — > E. Let U n := E n \ H n and U := E \ e(5), 
so that we have a Cartesian diagram 



h„ 



E„ 



.In 



Pn 



S 



E 



U. 



The unit section of E n will be e n , if confusion is likely. The map E m — ► E n 
for m > n, which is the multiplication by l m ~ n , is denoted by p m) n or even p. 
Let 7f n : E n — ► S and 7r n : U n — > S be the structure maps. 



25 



3.1.2 Pro-sheaves 



The poly logarithm is an extension of pro-sheaves and we will work in the 
category of pro-sheaves. For convenience of the reader we recall the definition 
and the main properties of pro-objects in the case we need. 
Let A be an abelian category. 

Definition 3.1.2. The category pro— A of pro-objects is the category whose 
objects are projective systems 

A:I op ^A 

denoted by (^4j)j g /, where I is some small filtered index category. The mor- 
phisms are 

Homp ro _ A ((Ai),(Bj)) := lim j lim j Hom^(ij , BA . 

The category pro— A is again abelian (see |Ar-Ma| A 4.5). We call an 
object {Ai)i £ pro —A Mittag-Leffler zero if for every i G I there is an i — > j 
such that Aj —* Ai is the zero map. An element is zero in pro —A if and only if 



it is Mittag-Leffler zero (see | Ax-Ma] A 3.5). A functor F : A —* B is extended 
to the pro-categories in the obvious way F((Ti)i) := (F(!Fi))i. 

Let us specialize to the category Sh(X) of etale sheaves on a scheme X. We 
denote by pro — Sh(X) the associated category of pro-sheaves as defined above. 
Pro-sheaves will usually be written as (J-i)i the transition maps understood. 
For two pro-sheaves (J-"i)i and (Gi)i on a scheme X define Ext J x ((Ti) i, 
to be the group of j-th Yoneda extensions of (JFi)i by {Gi)i in pro — Sh(A). 



3.2 Review of the elliptic polylogarithm 



We first recall the definition of the elliptic logarithm sheaf from [ Be-Le | . Then 
we define the elliptic polylogarithmic sheaf. 



3.2.1 The unipotent logarithm sheaf 

Recall that A is either Z// r Z, Zi or Q h 

Definition 3.2.1. A lisse A-sheafJ 7 on E is unipotent of length n, if it admits 
a filtration T = F° D T l D . . . D T n D such that Gr* T = W*G i for some 
lisse A- sheaf Q l on S. 

Let := Hom S '(i? 1 7f*A, A), then the boundary map for the exact se- 
quence -> Gr i+1 T -» P/P +2 -^G^F^Q induces by duality a map 

H A CSGi^^ Gr i+1 T. 
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This gives an action of the ring S<™ : = 0£ =o Sym fe W A on Gr* T. Beilinson 
and Levin prove: 

Theorem 3.2.2. (\ Be-Le ] 1.2.6.) There is a k-unipotent sheaf Cog^ to- 
gether with a section 1W : A — > e* Cog^ of the fibre at the unit section e of 
E, which is unique up to isomorphism, such that for every k-unipotent sheaf 
J- the map 

7f*Hom B (£og (n) ,^) -^e*T 
f I ► /olW 

is an isomorphism. 



Recall also from | Be-Le l that this is equivalent to the fact that the map 
v : S- k — > 7f* Gr* Cog^ that sends 1 to is an isomorphism. 

Definition 3.2.3. The canonical maps Cog^ k+1 ^ — > Cog^ that map to 
1W make 

Cog := (Cog^) k 

a pro-sheaf, which is called the logarithm sheaf. // it is necessary to indicate 
A we write Cog^ and Cog A . 

Denote by 1Z^ := e* Cog (k) the fibre of £og (fc) . This is a ring with identity 
given by \^ k \ Moreover 1Z := e* £og has a Hopf algebra structure. Then 
7f*7£( fc ) acts on £og( fe ) and for every section t : S — > E the sheaf t* Cog^ is a 
free module of rank 1 over TZ^ . The action of W*TZ^ on Cog^ induces via 
the isomorphism 7T* Hom F (£og( fc ) , J 7 ) — > e*J- an action of TZ^ on e*J~. In 
fact we have: 

Proposition 3.2.4. ( \Be-L<\] 1.2.10 v)) The map T i ^ e*T is an equivalence 
of the category of k-unipotent sheaves on E with the category of lisse IZ^- 
modules on S. 



We just remark that the inverse functor is M. i— ► tt*M. <S> ¥ *^(fc) Cog 



(k) 



3.2.2 Higher direct images of the logarithm sheaf 

Denote by the augmentation ideal of the ring TZ^ k \ The pro-sheaves 
(TZ^)k and (T^)^ are denoted by TZ and X respectively. The important fact 
for the definition of the polylogarithm is the computation of the higher direct 
images of Cog^ k \ 
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Proposition 3.2.5. (see fBe-Le ] 1.2.7) The higher direct images of Cogf 
are 

( Sym k H A if i = 

R%Cog { ^ = l Sym fc+1 W A (-1) if » = 1 
I A(-l) i = 2 

The transition maps i?*7f* £og( fe+1 ) — > -R l 7f* £og^'^ are zero /or i = 0, 1 and 
i/ie identity for i = 2. In particular R l T* Cog = /or i = 0, 1 ana 1 -R 2 7f* £og = 
A(-l). 

For all the properties of the logarithm sheaf we refer to section 1.2. in 



[ BgL| . 

Remark: Note that in the case of A = Q/ we have an isomorphism Cog^ = 
Sym fc Cog^ which sends 1® to l^^/fc!. This approach to the logarithm sheaf 
is used in Hu-Ki2 ] . 

Recall that U := I?\e is the complement of the unit section and tt : U — * S 
its structure map. 

Proposition 3.2.6. The pro-sheaves (i?*7r* Cog^)k are Mittag-Leffler zero 
for i 7^ 1 and the canonical map 

flV.rogW -> e*£og( fe )(-l) =TZ^(-1) 

induces an isomorphism of pro- sheaves {R 1 ^ £ogW(l)) fc (J^) fc . 

Proof. Consider the localization sequence 

-> £ogW -» £ogW -> i? i+1 e ! £og( fc ) -» 

and the purity isomorphism i? 2 e ! Cog^ = e* Cog^ (—1). Moreover i? 4 e ! Cog^ 
for i ^ 2. This together with the above values of -R l 7f* £og gives the desired 
result. □ 



3.2.3 The polylogarithm sheaf 

We are now going to define the elliptic polylogarithm. We will not use the 
usual approach using an identification of an Ext with a Horn-group but an 
other direct construction due to Beilinson and Levin [ [Be-Ldj 1.3.6. This has 
the advantage of giving directly a pro-sheaf and not only an extension class. 
Moreover this sheaf can be easily compared to the geometric construction we 
give later. 
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For every sheaf T on E we denote by Ty its restriction to U. Let T be a 
lisse A-sheaf on E and consider the open immersion 

j :U x s U \A^U x s U 

where A is the diagonal. Define a lisse A-sheaf H e (J-) on U as follows: 

Definition 3.2.7. Define a functor from lisse A-sheaves on E to lisse A- 
sheaves on U by 

H e (F) := i? 1 pr 1= „ ji pr 2 Tu, 
where pr 2 is i/te projection of U x$ U \ A to the second factor. 
The exact sequence 

-> J! pr 2 -^b P r 2 -^7 A*-? 7 ^ -> 
induces an exact sequence 

(5) -> 7T*7f*F -» .Ft/ A tf e (F) -> Tt*R X Tt m F v -> 0. 

Obviously this sequence is functorial in F so that we have the same sequence 
for pro-sheaves (JFk)k- 

Lemma 3.2.8. The sequence (j^) induces an exact sequence of pro- sheaves 

- ^(1)^ - fleOCog(l)) - 7T*J - 0. 

Proof. By proposition 3.2.6| we have 7f* £og(l) = and i? 1 ^* £og(l) = X. This 
implies the claim. □ 

Thus iI e (£og(l)) gives a class in Ext"(7r*T, Cog{l)jj) which was defined 
in section |3.1.2| as the group of Yoneda extensions in the abelian category 
pro-Sh(JJ). We have H e {Cog{\) ® ir*K) 9* iI e (£og(l)) ® ir*K so that the 
action of tt*1Z on £og gives a 7r*7£- module structure on H e (Cog(l)). In partic- 
ular iJ e (£og(l)) is a class in Extj 77r * 7 j(7T*Z, £og(l)j/), i.e. a Yoneda extension 
of 7r*7£-modules. 

Definition 3.2.9. The pro-sheaf 

Vol : = if e (£og(l)) 

is the elliptic polylogarithm sheaf. If we need to indicate the dependence on A 
we write Vol A . We also define Pol (fc) := # e (£og (fc) (l)) . 
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3.3 A geometric approach to the elliptic polylog sheaf 

We now present a different construction of the logarithm sheaf in the case 
A = Z/Z r Z. This makes explicit the remark in [Be-Le] 1.2.5. 

3.3.1 The geometric logarithm sheaf 

Recall that p n = [l n ] : E n — > E and consider the sheaves 

£og g :=p n *A 

on E. For m > n we have the trace map p m *A — > p njf A and we define: 

Definition 3.3.1. The geometric logarithm sheaf is the pro-sheaf 

£og g := (£og|) n 

where the transition maps are the above trace maps. Let 

TV := (K*) n := (e* £og|) n 

be the pro-sheaf defined by the pull-back o/£og g along the unit section e. Let 
T g := {In)n '■= ker(7£ g — > A) be the augmentation ideal ofTZ g . 

Note that the existence of the section e n of H n = p^ x (e) implies that there 
is a map l n : A — > e*£og| = 7£|. The action of H n on E n over E gives an 
action of H n on £og|, hence an action of W*TZn on £og g . 

The sheaf £og| has the following important property. Recall that A = 

z/rz. 

Proposition 3.3.2. For every lisse A.- sheaf J- the map 

lim n W* Horn E (£ogn ■ F) — > e*^ 

f /°ln 

is an isomorphism. 

Proof. The map p n is finite etale, so that 

Hom g fa njt A, T) = Hom En (A, p^T) =p* n T. 
As T is a lisse A-sheaf, there is an n such that p* n T comes from S, i.e. p^T = 

lim „,7f t Hom F (Cogf, , J 7 ) = lim n 7f ni) ,7f* e* p* .T 7 = lim n e*p* J" = e*J^", 
which proves our claim. □ 
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Let T be a lisse A-sheaf, then the action of IZn on £og| induces via the 
above proposition an action of TZn on e*J- for some n. 

Corollary 3.3.3. The functor T e*J- induces an equivalence of the cat- 
egory of lisse A-modules on E and lisse A-modules on S with a continuous 
action of the pro-sheaf (TZn) n (i.e. the action factors through IZfn for some 
m). 

Proof. The inverse functor is given by 

M i ^ tt*M S^k* ^og^ 
if the action of (TZn) n factors through TZm. □ 

3.3.2 The higher direct images of the geometric logarithm sheaf 

As for £og we can compute the higher direct images of £og g : 
Lemma 3.3.4. The pro-sheaf 

(i?V* £og|) n 
is Mittag-Lejfler zero for i ^ 2 and 

(i? 2 7f*£og g ) n ^A(-l). 
Proof. We have to compute the transition maps in 

{R l TT*PnA)n = (i?V n *A) n S (R*W m A) n 

where now the transition maps PlT^A — * i?*7f*A are given by multiplication 
with (l m ~ n ) 2 ~ t . This map is zero for m > n + r. □ 

Corollary 3.3.5. The pro-sheaves (R l ir* £og|) ra are Mittag-Lejfler zero for 
i ^ 1 and £/te canonical map 

i?V£og|^e*£ogS(-l)=7^ 

induces an isomorphism of pro- sheaves (i? 1 -^* £og|) n = (Zf) n . 

Proof. See the proof of 3.2.6| . □ 
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3.3.3 The geometric polylogarithm sheaf 



The geometric poly log sheaf can now be defined in the same way as in |3.2.9 . 
Recall the functor H e from definition |3,2.7 . 



Definition 3.3.6. The geometric elliptic polylog sheaf is the pro-sheaf 

Pol g := H e (£ogS(l)). 
To indicate the dependence on A we write Vol\ and we define 

Voll := ffeOCogS(l)). 

As before the pro-sheaf "Pol g is a sheaf of 7r*7£ g -modules and defines a 
Yoneda extension class in 

Ext^ g (7r*J g ,£og g (l)). 
3.4 The comparison of Vol and Vo\ g 

In this section we compare Vol and Vol g . Recall that "Pol g is only defined for 

a = z/rz. 

3.4.1 Comparison of the logarithm sheaves 

We first reformulate the property of being a continuous 7£ g -module on S. 
Choose a geometric point s G S and define a ring 

(6) A[[W Zl ,*]] := ^n(VJ n )s = lim n A[if n ,J. 

Then a lisse A-sheaf M on 5 with an action of 7£f for some n is the same 
as a finite A-module with a continuous action of A[[7iz tj s]]. We call these 
continuous A [[Hzj,s]] -modules. We define two ideals in A[[Wz ;i s]]: 

(7) a:=ker(A[[H Zi J-A). 

The universal property 3.3.2 of £og g and the section l( fc ) of e* £ogjp im- 



plies: 

Lemma 3.4.1. Let A = Z/Z r Z, then there is a unique map 

g ik) e lim n T* Horn E (Xog g , Cog^ ) 
corresponding to 1^ : A — > e* Cogjf* . 
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In fact we want to show that induces an isomorphism of pro-sheaves 
Q : (£°gn)n -» {Cogf') k . 

Lemma 3.4.2. Let A = Z/TZ and let a k be the k-th power of a, then a k /a k+1 = 
Sym fc (Hz[ <8> A) and there is a canonical surjection 

4+*-2 ■ = A[[H Zl)3 ]]Ar+fc-2 - A[[^,,]]/a fc 

/or A; > 1, which in the limit gives an isomorphism of A[\Hzi.s\] to itself. 

Proof. Let s £ 5 be a geometric point. Then we choose two topological 
generators 7,77 of T~Cz h s- It is a standard fact in Iwasawa theory that we have 
a ring isomorphism A [ [Hz l ,s\] — A [ [X, Y] ] , mapping 7 — 1 1— ► X and 77 — 1 1— > Y , 
with the power series ring in two variables. This implies that the augmentation 
ideal a is mapped to the ideal (X, Y). The claim that a k /a k+1 = Sym fe (W Z; ®A) 
follows immediately. Now Zk corresponds under this isomorphism to the ideal 
((X + l) r - 1, (Y + l) 1 ' - 1). By induction one sees that this ideal is contained 
in (l,X,Y) k+1 . As F = in A we have (l,X,Y) r+k C (X,Y) fc+1 . This gives 
the map as indicated, which in the limit is clearly an isomorphism. □ 

Denote by G^> the sheaf on E defined by the 7^ +fe _ 2 -module A[[Hi u s]]/a k 
via the equivalence of categories in 3.3.3| . This is a unipotent sheaf with a 
section 1 of e*G^ given by the identity in A[\Hz u s)] / a k ■ Thus, by |3.2.2| there 
is a unique map Cog^ — > mapping to 1. 

Proposition 3.4.3. Let A = Z/Z r Z. The map 

£ og « ^ G {k) 

is an isomor- 
phism. In particular the map of pro-sheaves q : Cog\ — > £og A defined above 
is an isomorphism. 

Proof. The surjection Cogf +k _ 2 — > G^ factors through Cog^ — > G^ so 
that this map is also surjective. As these two sheaves are finite of the same 
cardinality, this is also an isomorphism. □ 



3.4.2 Comparison with the Z; version 

Let A r := Z/FZ and consider the pro-sheaf in r and n 

( C °Sl r , n )r,n, 

where Cog\ r+i n — > £og\ r n is induced by the reduction map A r+ i — ► A r . We 
observe: 

Lemma 3.4.4. For every k > 0, the projective system (Cog^ r+ k~2) r ^ s co ~ 
final in (£og| r J rin . 
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The Z;-version of Cog is reconstructed from the A r -version of £og g as 
follows: 

Proposition 3.4.5. The map induces an morphism of pro-sheaves 

{£ogl rT+k _ 2 ) T {Cogf r ) r = Cog!® . 

The induced morphism of pro-sheaves 
is an isomorphism. 



Proof. From lemma 3.4.2 and the universal property of £og s we get the mor- 
phism of (£og^ r r+ fc_ 2 )r to £ogg . To check that this induces an isomorphism 
if take pro-sheaves in the index k, it is enough to check this after pull-back 
with e* . We get the map 

lim fc lim r A r [# r+fc _ 2; s1 -> lim AWHz, .s}} I 'a k , 
which is an isomorphism. □ 

3.4.3 Comparison of polylogarithm sheaves 



Using the functor H e from |3.2.7 we can translate the comparison results for 



the logarithm sheaves to the polylog. 



Proposition 3.4.6. The isomorphism q form induces an isomorphism 

of pro-sheaves 

fle(fi) : (^ol| rjr ) r = (F e (£og| r)r (l))) r ^ Vol Zl ■ 
Proof. Clear from the definition. □ 

3.5 Specialization of the elliptic polylogarithm sheaf, /-adic 
Eisenstein classes 

The specialization along torsion sections of the elliptic polylog gives interesting 
cohomology classes. These are the £-adic Eisenstein classes investigated in 
[Hu-Kil|, |Hu-Ki2]. We recall their construction. 
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3.5.1 Invariance of the logarithm sheaf under translation by torsion 
sections 

Let N 6 Z be invertible on S and [N] : E — > E 1 the ^-multiplication. The 
universal property 3.2.2 gives us canonical maps sending l( fc ) to [N]*l^ 

£ogi fc) ^[iV]*£ogi fc) 

for A = Z/rZ, Z; or Qj. Thus for every A^-torsion point t : S — > E we get a 
map of pro-sheaves 

prf : t* Cog A -» e* Cog A . 

Similarly, we have a map 

prf :£og^[AT£ogS 
for the geometric logarithm sheaf. 

Lemma 3.5.1. If I \ N , then the map prf is an isomorphism. 

Proof. Let us first treat the unipotent case. It suffices to show that £og A — > 
[N]* £og A is an isomorphism. Using the equivalence of categories gXj , this 
can be tested after pull-back with e*. The resulting map 1Z A — ► 7£a is on the 

the fc-th graded piece Sym fc, HA induced by the map > Ha, which is 

just the A-multiplication and thus an isomorphism. In the geometric case we 
have t* Cogl = A[p- X (i)] and e * £°g| = M H n]- The map prf is by definition 
induced by t n \— > [N]t n for t n G This is obviously an isomorphism if 

Z|AT. □ 

To define a morphism pr f independent of N, we let 

(8) pr, := prf o(prf )~ x : t* £og A e* £og A . 

We need an explicit description of the map pr t on the geometric logarithm 
sheaf. 

We have t* £og| = Afp" 1 ^)] and e* £og| = A[H n ). Here p" 1 ^) C £[M n ] 
and if I \ N we have £[ATZ n ] = E[JV] 

Lemma 3.5.2. T/ie map from (^) 

pr^Atp-^l-^A^] 
zs induced by the projection of t n £ p' 1 ^) C E[N] © E[l n ] to H n = E[l n ]. 
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Proof. The map prf : A\p- l (t)] -> A[H n ] maps t n G p^ 1 ^) to G H n- 

This gives the result. □ 

Passing to the limit we get a map of pro-sheaves 

P T t :Z l [[H Zh t}]^H['Hz l }} 

where 1~Li u t '■= lim n p~ 1 (t). This is induced by the projection TCz h t — ► T~tz r 

3.5.2 The moment map 

The pro-sheaf e* £ogQ ; = TZq t is a Hopf algebra (see [ Be-Le| ] 1.2.10 iv)) and 



the map v : Sym- fc W(Q ; — > Gr- fc 7v^ is an isomorphism. Let ^(Wq,) be the 
completion of the universal enveloping algebra of the abelian Lie algebra . 
The canonical filtration makes this a pro- sheaf {ii k (H Ql )) k . 



The structure theorem, Bour | ch. II, paragraph 1, no. 6, gives: 



Lemma 3.5.3. The map v : — ► TZiQ t extends to an isomorphism of Hopf 
algebra pro-sheaves 



v : = TZ Ql , 

which on the k-th graded piece Sym k Tln, is multiplication by k\. 



Recall from |3.4.5 that we have an isomorphism 



Definition 3.5.4. We define the k-th. moment map fi k to be the composition 

// : (Ki r ) r - n Zl - TZ Ql - il(H Ql ) -> Sym fc H Ql , 
where the last map is the projection onto the k-th factor. 

We need an explicit description of the moment map. For this we write 
(^n+fe-2,A„)« = C^A> and we describe fi k on A n [H n+k _ 2 ] = ^+fc-2,A n - 

Lemma 3.5.5. Write Sym k TCq 1 = Sym k Hz l ® Qi, then 
fi k : (A n [H n+k - 2 ])n (Sym fc H n ) n Q l 



/.•! 



Proof. This follows immediately from the definition of the maps and g. □ 
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3.5.3 A splitting 

Lemma 3.5.6. Let A = Z/l r Z, Z; or Qj. Then the inclusion Z\ TZa 
induces an injective map 

K A (1) =Hom 57eA (^ A ,^ A (l)) ^Hom S)7eA (T A ,^ A (l)), 

which is an isomorphism for A = Q;. 

Proof. This follows from Hom g1? , (A,7* A (1)) = and Ext^ (Qi, Wq,(1)) = 
0, which is a consequence of the Kozsul resolution as TZq i is a sheaf of regular 
rings. □ 

Corollary 3.5.7. The local to global spectral sequence for Ext gives an injec- 
tion 

Ext£ iQ , (Q, , 7^ (1)) = Ext^ Q; (TZ Ql , Hom SiKoi (J Qi , K Ql (1))) A Ext^ (J Q; ,7^,(1)). 

Using the isomorphism f : TZq 1 = 11(7Yq ; ) we have an exact sequence (Kozsul 
resolution for the Lie algebra Hq 1 ) 

-> 7£q ( (1) -> Hq, (8)Q f A Jq, -> 0. 

Here we used A 2 Hq 1 = Qj(1) induced by the Weil-pairing. This map 6 induces 
Ext^CQ,, 7*0,(1)) — Ext^(T Q( ,7*Q ( (l)) 

Ext S,<Q; C^Qr 7 ^ 1 ))- 

Lemma 3.5.8. TTie map 

Ex4 iQi (Q^ Q( (l)) ^> Ext£ )Qj (W Q „ 7^,(1)) 
/ias a canonical splitting. 
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Proof. We have an isomorphism 

and a contraction map 

Hom 5)Qi (7^,7^(1))) -► 72^(1) 

given on 

Hom S) Q ! (Wq„ Sym fc 7Y Qi (1)) - Hom^ (W Qp Q,) ® Sym fc (1) 

by 

(9) Hom S)Ql (W Qp Q l ) ® Sym fc H Qi (l) - Sym fc_1 Wq, (1) 

1 fc 

/ ® /ii (8) . . . <g> hk *-> k + 1 f(hi)h\ ® . . . hi . . . <g> hk- 



i=i 



This gives the required map and it is straightforward to check that this is 
indeed a splitting of b*oa. □ 

3.5.4 The specialization of the polylogarithm, Z-adic Eisenstein classes 

We now define the specialization of the elliptic polylogarithm. Let (3 S 
Z[E[N](S) \ e] be of the form 

p= n tt. 

teE[N](S)\e 

We want to define an element 

(f3*Vol Ql ) k eH 1 (S : Sym k H Ql (l)). 
First observe that pr t t* Vo\q 1 is an element in 

^s.R . (% » ** £og Ql (1)) ^ Ext^ (l Ql , e* Cog Ql (1)) = Ext^ (Tq ; , TZq, (1)). 
Define 

o- : ExtUfZq,, 7^,(1)) -» ExtWQ,, 7^,(1)) 



to be the composition of b* and the splitting of lemma 3.5.8j . This is a splitting 
of a. Denote by a k the projection onto 

Ext 1 SMl (q l ,S Y m k H Ql {l)) = H 1 (S,Sjm k H Ql {l)). 
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Definition 3.5.9. For (3 = T,teE{N](s)^e n t l e %[E[N](S) \ e] define 

(P*Vol Ql ) k := ^ n t (a k pi t t*VolQ l )€H 1 (S,Sym k n Ql (l)) 

teE[N](S)\e 

These are the l-adic Eisenstein classes associated to (3. 



Remark: This numbering disagrees with the one of | Hu-Ki2 |, where we wrote 
(P*Tol Ql ) k+1 for this class. 

Our aim is to compute not the specialization but a variant of it. Namely 
let [a] : E — > E be an isogeny of degree N a := deg[a] prime to I (the notations 
are chosen to fit the CM case which is our ultimate goal). Consider the 
operator ([a]* — No) on H 1 (S,Sym k n Ql {l)). Here [a]* is the pull-back with 
[a] and No is the multiplication by the number deg[a] G Z. This acts on 
H 1 (S, Sym k H Ql (1)) as a k N o - N o, which is not zero if k + 0. Thus for k ^ 
it is the same to compute 

([a]* - No) 09* Vol Ql ) k G fr 1 (5,Sym fc W Ql (l)) 

or Pol c 



4 The /-adic realization of the elliptic polylog 

This part is concerned with the construction of the polylog on elliptic curves 
in a geometric way, which allows to compute its specializations explicitly. This 
is the technical heart of the paper and in our opinion our main contribution 
to the problem of the Tamagawa number conjecture for elliptic curves. 



4.1 The polylog as a one-motive 

From the definition of the polylogarithm it is quite obvious that it is a pro- 
sheaf consisting of Z/FZ-realizations of one-motives. In this section we make 
this connection more explicit. 



4.1.1 A reformulation 

Let A r = Z/Z r Z and recall from (||) that the geometric polylog sits in an exact 
sequence 

-> 7r*7f* £o g s(l) -> £og«(l)tf -» Toll -> vr*^* £og^(l) 0. 
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By the definition of the geometric logarithm £og| = p n *A r and hence £og| = 
A r . We get 

-> A r (l) -> p n *A r)f/ (l) -> Pol| -» 7r* J R 1 7r rw ,A r ,u(l) -» 0. 

For a lisse sheaf T on [7 consider the dual 

(J^) v := Hom y (J 7 , A). 

Then, using Poincare duality, we get by dualizing and twisting by 1 an exact 
sequence 

-> n* n R\ nl A r>u (l) (7>olg) v (l) p n ,A rjC/ A rj[/ 0. 

Denote by the kernel of the map p n *^-r,u - > ^-r,U, then ("Pol|) v (l) gives 
a class in 

Ext^(/ n ,A r ,< J RV n! A riC/ (l)). 

We want to give a geometric interpretation of this class. For this we will relate 
("Pol|) v (l) with the F-torsion points of a one-motive, which is defined via a 
generalized Picard scheme. 

4.1.2 The generalized Picard scheme 

We will give a geometric interpretation of (7 3 ol|) v (l). For this we need the 
Picard scheme of line bundles on E n trivialized along H n (cf. the article by 
Raynaud |Ra|]). 



Definition 4.1.1. Let Ph„ be the generalized Picard scheme representing the 
functor, which associates to S' — > S the isomorphism classes of pairs (C,a), 
where £ is a line bundle on E n Xg5" and a : /i* C = On n is a trivialization of 
C along H n Xg S' . 



That H n is a rigidificator in the sense of [Eta] follows from the fact that 



H n contains the section e n : S — > E n . Denote by P n the Picard scheme of E n . 
Then we have an exact sequence 

- T Hn -> P Hn -> P n -> 0, 

where Tjj n is the torus with character group I[H n ] := ker(p n *Z — > Z). The 
T-torsion of can be identified as follows: 
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Lemma 4.1.2. There is a canonical isomorphism 



R\nlA r (l) =P Hn [n 

Proof. Def ine u n G m := ker(G m ->■ /i n */i*G m ). Then P Hn = G m ) (see 

[t5GA4,III |, Expose XVIII proposition 1.5.14), where the higher direct image 



is taken for the flat topology. The sequence from loc. cit. lemma 1.6.1 

[l r ] 

— > jnlfJ-r —>H n &m >H n &m ~ ► 

gives an isomorphism RrW*j n ifiir = Ph„[I t ]- □ 

On E n XsU n we have the line bundle 0(A n ) associated to the Cartier divisor 
defined by the diagonal A n . By definition 0(A n ) sits in an exact sequence 

- O - 0(A n ) A n *0 Un -> 0, 

which induces a trivialization of 0{A n ) along H n xsU n . Thus we get a section 
A n : Z — > 7r*Pff n of etale sheaves. Adjunction gives a map 

(10) A n : p n *Z 7r*P^ n 

also denoted by A n by abuse of notation. 



4.1.3 Comparison with a one-motive 

Consider p n *Z — > i\*Pn n as a complex of sheaves in degree and 1. Note that 
p n *Z — ► n*P Hn is not a one-motive because P# n is not a semi-abelian scheme. 
We have an exact sequence — » Fjj — ► P# n — ► Z — > and if we let I[H n ] be 
the kernel of the composition p n *Z ->Zwe get a quasi-isomorphism 

[I[H n }^P°tJ^\p n *Z^n*P Hn }. 

Here i"[.ff n ] — ► Pjj is of course a one-motive. 

Theorem 4.1.3. There is a canonical isomorphism of etale sheaves 

H°(\p n *Z -> 7r*P Hn ] ® L Z/rZ) - (Pol§) v (l) 

which is compatible with the morphism (Pol|) v (l) — > (Pol|J v (l) induced by 
the trace map Cogf^ — > £ogf . 
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Proof. Let t : S — ► E be a section and i?^ n := p~ (i) be its preimage in E n . 
Let £ n : flt >n — ► P n be the embedding and denote by g n the open immersion 
of the complement 



Denote also by pt, n : Pt, n 
of etale sheaves 







9n '■ E n \, H ty n E n . 

> 5 the structure map. We have an exact sequence 



0. 



On the other hand let jj„G m := ker(G m — ► /i n */i*G m ), where /i n : P n — ► P n 
is the embedding. Then we get an exact sequence 

— >if„ G m — » gn*gn{H n &m) ~* Qn*% ~ * 0. 

The long exact cohomology sequence for p7f n * taken for the flat topology gives 



(pt,n)*Z -> 7T*P 7T n *(fi n 



R 1 ^n*9n*9n(H n G m ) — > 



because P Pi jTl Z = 0. We have an identification i? 1 7f n *(_ff n G m ) = Pjj- n and it 
is clear that the map (pt >n )*Z — > -R 1 vf n *(H„G m ) = Pjy n is injective. We get an 
isomorphism of complexes 



[(pt,„),Z -> Pff„ 
Using the sequence 



Z/Z r Z ^ [i2 1 7f„*g„*g*(if„G m )[l]] L Z/rz. 



->■ JnlW- 



[l r 







as in the proof of lemma |4.1.2| , we see that 

#°([(pt,„)*Z 7r*Pfl- B ] ® L Z/Z r Z) ^ R l Tfn*9n*9* n {jnmr), 

where j n : f/ n — > P ra . Let us compute i*Polf. By base change and the 



definition 3.2.S it is a straightforward computation that 

t* Pol^ = R 1 W n *9n\9n3n*lJ>lT 

and by Poincare duality we get 

t*(Pol|) V (l) = R^n+gntg^jnifiir. 

If we apply this to the universal section A : U — > P x 5 [/ we get the desired 
result. □ 
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Here is an explicit way to get the extension (7-'ol|) v (l) from [p n *Z - ► 7r*-Pff n ]- 
Consider the exact sequence 

- 7T*P Hn [V] - 7T*Pff n A 7T*Ph b -> Z/f Z -> 

defined by the ^-multiplication and the map p ra *Z — > 7r*P# n . The pull-back 
gives an extension 

-» 7r*Pff n [r] -» £ -» p n *Z -» Z/fZ -» 0. 

If we tensor this with Z/Z r Z over Z, then we get an exact sequence 

o -► ^*p ffn [/ r ] -» 5 ® z z/rz -» p n *z/rz -► z/rz -► o, 

because the kernel of p n *Z — > Z/Z r Z is a free Z- module. With the above 
theorem we conclude that (Pol|) v (l) ^ £ ® z Z/FZ. 

4.1.4 The class of the geometric polylog 

Recall from section [4.1.1] that the polylog (Pol|) v (l) defines a class in 

Ext^(/ ni A r ,7r*i? 1 7r n! A ri [/(l)), 



where I n \ r is the kernel of the map p n *^r,u ~> h-r,u- With lemma 4.1.2| we 
can write 

cl((Pols) v (l))GExti / (/ n , Ar ,PHjr]). 

Let [a] be an isogeny of E of degree Na prime to I. We can consider the 
pull-back [a]*(Por=) v (l) on [a] _1 [7. Recall from lemma [3.5.1 that we have an 



isomorphism p nif K r ^u = [a]*p n ^A r: u. Thus [a]*(Por|) v (l) defines a class in 

Extf a] „ 1(/ (/ n , Ar ,p^[r]). 

Similarly consider the N a-multiplication on (Pof|) v (l) restricted to [a] _1 ?7. 
This gives also an extension class in the above group. Denote by 

cl(([ar-Na)(Por|) v (l)) 

the difference of these two classes. Our aim is to compute the specialization 
of this class. For this we show first, that this class is in the image of 

Extf^ip^Ar, P Hn [l r }) -» Extf a] _ lc/ (/ niAr ,P H jr]). 
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Lemma 4.1.4. The class o/cl(([o]* — N a)(Por|) v (l)) on [a] l U maps to zero 
under the boundary map 

Extf a] _ 1[7 (7 ri>Ar! P ff jr]) - Extf a] _ lf7 (A, Ptfjr]). 

Proof. The sheaf [a]*(Pol|) v (l) can be described as the pull-back of the se- 
quence 

- Tr*P Hn [l r ] - 7:*P Hn 7r*P Hn -> Z/rZ -> 

by the map 

[a]* A n : Pn *Z - [a]*p n *Z - [a]V*P Hn = 7r*P [a] - lHn - vr*P^, 

where the last map is forgetting the trivialization on [a]*i? n \ H n . The sheaf 
N a(PolS) v (l) is the pull-back by the map N aA n : p n *Z -> ir*P Hn ^ ir*P Hn 
of the same sequence. We have to compute the composition of these maps 
with ir*PH n — > Z. This composition factors in both cases as p n *7L — ► Z -^A Z. 
Thus, the difference is zero. This implies the claim. □ 

Consider the difference of the two maps in the above proof and denote this by 
([a]* — N a)A n . By adjunction this defines a map 

([a]*-Na)A n :Z^<P Hn , 

which by the above proof even factors through 7r n P^ . The line bundle which 
is associated with this map is easily described: 

Recall from the end of section 4.1.2 that the line bundle 0(A n ) on E n XsU n 
with its canonical trivialization gives a section A n : Z — * 7T n Pff n . Then the 
line bundle [a]*(D(A n ) <g) C(A n )®- Na on P n x s [a]" 1 ^ defines the section 
([a]*-Na)A n . 

Denote by S the composition 

5 : ^([a]- 1 ^,^) - H^a^UnTHjr]) - ^([a]" 1 ^, P^ n [Z^]), 
where the first map is the boundary map for the short exact sequence 

(11) 0^T Hn [n^T Hn ^XT Hn ^0. 

Proposition 4.1.5. The section ([a]* — Na)A n factors through Th„ and up 
to sign, there is an equality 

cl(([a]* -Na)(Por=) v (l)) =±6(([ar -Na)A n ) 

m H\[a\- x U n ,P Hn [r]). 
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Proof. The composition of ([o]* — Na)A„ with the map Pjj — ► P® to the 
Picard scheme is zero, because [a]*0(A n ) = O(A n ) 0Na . This gives the first 
claim. The extension class <5(([a]* — No)A n ) is given by the pull-back of the 
sequence (|ll]) with the map ([a]* — Na)A„ : Z — > 7r*Tff n . Using the explicit 
description following the proof of theorem [4.1.3 proves the result. □ 



4.2 Computation of the specialization of the polylog 

Let t : S — > U be an TV-torsion point. We want to compute the specialization 



at t of the polylog. 



4.2.1 Specialization of the class of the geometric polylog 

Let t : S —* U be an iV-torsion point and [o] : E — > E an isogeny of degree 
Na relatively prime to Nl. Let H n t := p^ 1 ^) C U n be the inverse image 
of the iV-torsion point t : S — > U in U n . To compute the specialization 
of the polylog following section |3.5| we need to compute the restriction of 
the class ([a]* - N a)(Pol|) v (l) in H l ([a\- l U n ,T Hn [V}) to H njt . We let t : 
H n ,t —>■ [u\~ l U n also be the inclusion of H n t by abuse of notation. Denote the 
restriction of the polylog by 

cl(i*([a]* -Na)(Pol|) v (l)) S H\H n , t ,T Hn [l r }). 

We have to compute the section i*([o]* — Na)A n : Z — > t*Tn n , which is defined 
by the trivialization of the (trivial) line bundle t*[a}*0(A n ) <8> t*C(A„)®- Na 
on H n>t . 

To describe this section in terms of functions, we extend our base to a 
Galois covering S n of S, where H n ^ t is rational and then use descent: Let G n 
be the Galois covering group of S n /S. Consider Y\h n eH„(S n )^ m an< ^ wr ^ e a 
typical element of this product as £\ 9h n (h n ). Similar definitions apply to 
Uh n eH n (S n ) W- Let us write T H„ as a quotient: 

Lemma 4.2.1. The group Tjj n {S n ) can be identified as the G n -invariant ele- 
ments of the quotient 

H G m (S n ) ^ T Hn (S n ) 

hn£H n \S n ) 

Proof. Clear because the character group of Tff n is ker^/f^Z — ► Z). □ 
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This gives 

H°(H njt x s S n ,T Hn )= J] T Hn (S n ). 

With this notation we rewrite the section i*([a]* — No)A„ : Z — ► t*Tn n - Note 
first that i*[a]*0(A n ) = [a]*0([a]H n , t ) and i*0(A n )®- Nci = 0(tf n ,t)®- Nn . 
The section f*([a]* — Na)A n : Z — > t*Tn n can now be written as 

in£-ffn,t(S TO ) 

where s(t n ) S Tff n (S n ). This section is given by the trivialization of the 
line bundle [a]*0([a]t n ) <8> 0(t n )^~ Na . Using the lemma, we write s(t n ) = 

E/i n s( ^n)h n {K), With S(t n ) hn G G m . 

We want to compute s(t n )h n for /i n € H n (S n ) \ e„. For this we need the 
elliptic units on E n . 



4.2.2 Elliptic units 

Elliptic units were introduced and studied by Robert and Gillard. An algebraic 
approach to elliptic units was proposed by Kato. 

Let us recall the definition of the elliptic units and their characterization 
in |Ka2[l III 1.1.5. (see also RSchofl ). 



With Kato let us make the definition that a,b € Endo s (E) are relatively 
prime (a, b) = 1, if ker(a) n ker(6) = e where e is endowed with the reduced 
subscheme structure and ab = ba. 



Theorem 4.2.2. (see \Ka<^} III 1.1.5. and jScho\] thru 1.2.1) Let a £ End 0g (E) 



be an endomorphism with (a, 6) = 1. There is a unique section 

6 a E 0*(£\kera) 

compatible with base change in S, with the following properties: 

i) Div(# a ) = deg(a)(e) — kera 

ii) for any b £ Ende> s (£) with (a,b) = 1 

b*9 a = 6 a . 

Hi) Moreover, for b € Endo s (£') with (6, b) = 1 and ab = ba 

8 a ob 6i)oa 

Q<ieg(b) ^deg(o) ' 

Definition 4.2.3. The values of 9 a at torsion sections t : Os — ► -Exkera are 
called elliptic units. 
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4.2.3 The specialization of the polylog in terms of elliptic units 

We turn to the computation of s(t n ) = Y^h s{t n )h n (h n ) from the end of section 



4.2.1 



Proposition 4.2.4. Let [a] be relatively prime to Nl. Then the section s(t n )h n G 
(S n ) is given by 

for h n S H n (S n ) % e n using the identification from lemma \j i ..2.\ . 

Proof. The section s(t n )h n is given by evaluating an isomorphism 

[a}*0([a]t n )^0(t n f Na 

at h n . Let T_t n be the translation with — t n on E n , then 

[a}*0([a]t n ) - Tl tn [a]*0(e n ) and 0(t n )® N a ^ Tl tn O(e n )® N a . 

The function fl a gives a section of 0(e n )® Na ® [o]*C(e n )®- 1 and thus Tl t J a 
gives a section of 

This proves the claim. □ 

Remark: Note that in this proposition we do not really need the elliptic 
units, because any function with the right divisor would also describe the sec- 
tions s(t n ). The point is that there are two more problems to solve before 
we get the specialization of the elliptic polylog. The first problem is rather 
trivial. It is the computation of the map pr t from (||), which is nothing but the 
identification of H n t with H n via the projection map. The second problem is 



that we still have to compute the splitting from 3.5.8 and it is here that the 



elliptic units will be necessary because of their norm compatibility property. 
Recall the definition of the map pr 4 from ||. We write 

pr t : H n)t (S n ) -> H n (S n ) 
t n i ► t n 
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for the projection of t n to H n . Consider the section 

n E(^r)c»' 

t n £H n (S n ) hn 

eH n (s n ) TH n (Sn)- It is invariant under the group G n and thus defines a 
section in H°(H n ,TH n ). Denote by 

S:H°(H n ,T Hn )^H\H n ,T Hn [l r ]) 

the boundary map. The main result of this section can now be formulated as 
follows: 

Proposition 4.2.5. The class o/±pr t t*([a]* — N o)(7 3 ol^) v (l) is given by 

>( IT e(^^)<mWm.m. 

V„eH»(S„) >tn / 
where t n is an l n N -division point. 

4.2.4 The splitting 

In the last section we have computed 

cl(pr t t*([ar -Na)(Pol|) v (l)) G ^(Hn, Th„ [l r ])- 

Recall that the torus is defined by the character group I[H n ] := ker(p# n *Z - 
7j). By definition of In, we get that I[H n ] (8> A = In is the augmentation ideal 
in 7£|. In particular 

T if jZn=Hpm s (^ jW 0. 

This gives H l (H n ,T Hn [l r ]) = H 1 ( S, Bom s (lL 11^(1))). We have a map (cf. 
pX6| ) 7^(1) Hom g(2j|,^I(l)) given explicitly as follows: Write n{(l) = 
A(l)[H n ] and observe that In C A[iJ n ] is generated by (h n ) — (e n ) with h n G 
-ff n . Then 

A(l)[fl n ]->Hom s (2«,A(l)[fl n ]) 

(/t n ) i ^ {(/i^) - (e„) i ^ (/t' n + /i n ) - (/i„)}. 

This induces a map (cf. corollary 3.5. 7Q 



(12) = H\H n , m r) - fr 1 (fr ftJ r ffn [z r ]). 

To compute the splitting it suffices to write down a norm compatible element 
in H x (H n ,iHr), which maps to the class of dbpr t i*([a]* - N o)(Pols) v (l) in 
i? (ir n ,rjj- n [i r ]). Recall that t n is the projection to H n - 
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Proposition 4.2.6. The element 



5 Y Oa(-tn){t n )€H\H n ,liir) 



maps under ftfiy to ± cl(pr t i*([a]* — N a)('Pol|) v (l)). 
Proof. This is a straightforward computation. The element 

maps to the mapping, which sends (/i n ) — (e n ) to 

J2o a {-t n ){h n + t n ) -^2e a (-t n )(t n ). 

in tn 

The first sum can be rewritten as 



/I 9a{h n — t n )(t n ) 



so that we get Yjt n ^feV (t n ). This is the desired result. □ 

We show now that the element defined in proposition [4.2.6| is norm com- 
patible if we vary n. This will imply that we have actually computed the 
splitting and thus the Z-adic Eisenstein classes. 

Let N nn / be the norm map from E n to E n i for n > n' .. 

Proposition 4.2.7. In H {H n i,mr) the following equality holds: 

N„,„/<J Yl a(-tn)(tn) = S Y 6 a (-t n , ) (t n , ) 
t n eH n (S) t n ,£H n ,(S) 

where [l n ]t n = t and [l n ~ n ']t n = t n i . 



Proof. Prom theorem [4.2.2 we know that N njTl > a (—t n ) = 9 a (—t n >) because o 



is prime to Nl. This proves the claim. □ 

It is clear that the element ^Yjt n eH n (S n ) ^»( — tn){t n ) is compatible with 
the reduction map A r — ► A r > for r >r' . Hence we get an element 

s Y e »(-tn)(t n )\ e H\s,nl(i)). 

t n eH n (s„) J n 
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Recall the map 
from corollary |3.5.7 . 



Lemma 4.2.8. The element ySY2t n £H n (s n )^ a ^~^ n ^^ n ^J ma P s to the class 
of Vol^ under the map a. 

Proof. This follows immediately from the above proposition. □ 

4.2.5 The main theorem on the specialization of the elliptic polylog 

It remains to compute the moment map to get the /-adic Eisenstein classes 
explicitly 

Theorem 4.2.9. Let = ^2 t £E[N](S)^e n t(t) and [a] : E — » E an isogeny 
relatively prime to Nl. Then for k > the l-adic Eisenstein class 

(/T ( [a] * - N a) Vo\ % ) k e H 1 (S, Sym k H Ql ( 1 ) ) 

is given by 



^i 6 E ^ E u-t n )tT 

teE[N](S)\e [l n ]t n =t 



where t n is the projection of t n to E[l n ]. 

Proof. The recipe to compute the moment map from lemma p. 5. 5 combined 



with lemma 4.2.8 gives immediately the result. □ 



5 Proof of the main theorem 

In this section we will carry out the actual comparison between the space 
r p (TZ^) and the Soule elements e p (Coo (g) T p E(k)) defined by elliptic units. 

5.1 Comparison with the Soule elements 



We first transfer the result from 4.2.9 into the setting of 1.2.2 and then compare 
these elements with the Soule map e p . 
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5.1.1 The specialization of the elliptic polylog 

The theorem [4.2. 9| gives us an explicit description of 

G9*([or-No)Pol Ql ) 2fc+1 £r 1 (05,S y m 2fc+1 W Qp (l)) ) 

which we now translate in the setting of section fL.2.2 . Note first that p = I 
and S = Os and ~H q p = T p E <g> Q p . Let a S Ok be prime to 6pf. Let a be the 
function defined in 4.2.2 . To have shorter formulas we introduce the following 
notation: Define for t r 6 E[p r ] 

where < _, _ > is the Weil pairing and \fd~K is a root of the discriminant of 
K/Q. Note that -y{4>(p)t r ) k = (N p) k p(t r ) k . Recall from the end of section 
that we have an endomorphism ([a]* - Na) of H l (O s , Sym 2fc+1 Hq p (1)), 
which is multiplication with o 2fc+1 N o — N o. 

Theorem 5.1.1. Letp\6Nf and denote for a p r N f -torsion point t r by t r its 
projection to E\p r ]. Then with t = tlf^ 1 

([a]*-Na)r p (g) = ± Nf3fc ^^ / ~ fc) - (sN m/K £ e a (-t r ) ® t r ® 7 (t r ) 



p r t r =t 



where t r is the projection of t r to E[p r }. 



Proof. We have by definition and and theorem 1.2.5 



By definition of [a]*"Pol(Q ; we see immediately, that 

([a]* -Na)((3*Vol Q f k+1 = (/T([a]* - N o) Vol Ql ) 2k+1 . 
With the above notation, we have 

JC M (tf 2k+1 ) = t r ® 1 (t r ) k 



so that theorem 4.2.9| gives: 

([a]*-Na)r p (0 = ± Nf ^^ fc) 1 (sN m/K £ 9 a {-t r ) <g> t r ® 7 (i r ) 

\ p r t r =t 

This is the desired result. □ 
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5.1.2 The comparison theorem 

We want to rewrite the formula in theorem |5.1.1| in terms of the norm map 
for K n ($)lK. 

Fix a prime p of K where E has good reduction. Define a uniformizer by 
7r := ip(p). Denote by 

H* t :={t r €Em« r t r = t}. 

We write t r = (t r ,TT~ r t) £ E[p r j] = E[p' r ] © E[f]. Denote by K(p r f) the ray 
class field for p r f. This is the field where the i?[p r f]-points are rational. Let 
dp be the Frobenius at p in the Galois group of K(f)/K, then t r = (t r ,t a f> ). 
Recall that ^{t r ) k :=< t r , \fdjct r >® fc . Define a filtration of H% t as follows: 

F* tt ■= {t r = (t r ,Tr- r t) e H^y-Hr = 0} . 

Thus 

H r t = F® t D . . . D F£ t = 0. 
Define T p E := lim n £[p n ]. 

Theorem 5.1.2. Let p be as above and t r = (t r ,ir~ r t) G F r ° t \ F^ t . Let 
Lp(ip, —k) be the Euler factor for ip at p evaluated at —k, then 

( 

L p (ll),-ky l ^K(f)/K ^2 ^(-Sr) ®S r <8 j(s r f 

[N K(prf)/K (9 a (-t r ) ®t r ®~f(t r ) k f 

in i? 1 (C ) 5, TpE{k + 1) (8 Q p ) for all a relatively prime to pf. 

Proof. Observe that we identified Homo p (T p E, O p ) = T p E(—l) where T p E has 
now the conjugate linear (D p -action. In particular, tp(p)t r = t r -\ for t r £ E[p r ]. 
We compute 



Np 



Nif(prj)/Jf(pr-*f) ^o(-(*T,T r t)) <8> V(p)*r ® 7(^(p)*r) 

(NxCrfl/ifCr-^) 6l a(-(?r,vr~ r t))) ®? r _i (8) 7(? r _i) fc 
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where we used the distribution relation for 9 a (see [ |deSh| II 2.5) 

^K(p r j)/K(p r ~'f) Oa(-t r ) = B a (^ % t r )) 

for the last equality. 

As the Galois group of K(p r ~ l f)/ K(j) acts simply transitively on \ 
Fit 1 , we get 



Np- fe 



Bai-fa-i,** P t)) ® £-« <8> 7(*r-i)* 
We have o (-(£-i, 7r i_r t))) = a (- 7r r t))) CT » which gives 



V>(p) 



\ N /, ■ N K(p-f)/^ ^o(-tr) ® *r ® 7&0' 

N ^(f)/^ S (^a(-(^-i,vr- r t)) ®f r _ i ® 7 (t;_ i )' 

because the norm Nkv«/k is the sum over all the Galois translates, which act 
trivially on t r _j. If we finally take the sum over i and let r get bigger and 
bigger we get 



Lp(V>0), -k) (^K(prf)/K Oa(-tr) <8> *r ® 7(<r)* 
/ 

where we used 



j>0 

This is the desired result. □ 



With theorem 5.1.1 we get: 
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Corollary 5.1.3. With the notations of theorem |5, l.\ 

([a]* - N a)r p (0 = ± 2 J 5 (^ K (p-f)/K 0a(~*r) ® *r ® 7(*r)* J ) 
where p r t r = t and t r is a primitive p r ^-torsion point. 



Proof. If p is inert of prime this is just a reformulation of theorem 5.1.2. If p 
is split, r p decomposes into a direct sum for the p and the p* part. Putting 
them together gives the result. □ 

5.2 End of proof of the main theorem 



Here we finich the proof of theorem 1.1.5 by computing the image of the Soule 
map e p . In the last section we prove that r p is injective on TZ^p if H p is finite. 

5.2.1 Relation to elliptic units 

Our aim is to show that the elements 

where a is prime to 6pf generate (C^ <g>T p E(k))r, where x 1S the representation 
of A on Rom 0p (T p E(k), O p ). 

Proposition 5.2.1. Let p \ 6Nf and o be an ideal in O p , which is prime to 
6pf and such that No^ \{mod p). Then the O p [[T]]-module 

® 0p T p E(k) 

is generated by (6 a (t r ) (8> t r (g> 7(i r ) fc ) , where t r is a primitive p r f-division 
point. 



Proof. Let b be another ideal prime to 6pf. Then by theorem 4.2.2 

K - V(o)(N a) k+1 )(6 b (t r ) ®t r ® ~f(t r ) k ) = V(o)(N a) k (8 b (t r y°- Na ® t r ® 7 (i r ) fe ) 

= V(o)(N o) fc (^(t r )' 76 - Nfa ® t r ® 7 (^-) fc ). 

It is enough to show that a a — i/)(a)(N a) k+l is invertible in A = Op[[T]], because 
Cj^ is a torsion free A-module. A is a local ring if p is inert or prime in K 
and a product of local rings if p is split. We have A/m = i?[p](/c), where m is 
either the maximal ideal or the product of the maximal ideals. The element 
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a a acts via ^(o)(No) on E\p](k) and thus a a — ip(a)(N a) + is invertible in 



A if No ^ l(mod p). It remains to see that r y(t r ) k generates Z p (£;). We have 



< U, \ZdRt r > ±1 = exp(p r \Q\ 2 (^/d~K — \fdx)) 

= exp(-2^- r |0| 2 v1^) 
= exp(— <iirip~ r ), 

which is for a primitive root of unity. □ 

Corollary 5.2.2. The image rpiTZ^) in H l (Os,T p E(k + 1) (g> Q p ) coincides 
with the image of 

e p ((C^®T p E(k)) r ). 
Proof. As 2*~ 1 V(/L * S P r * me ^° ^ n ^ s f° nows fro m corollary p.l.q and the 



definition of e p in |2.2.1| . □ 



To conclude the proof of theorem |1.1,5| it remains to see the following 
lemma: 

Lemma 5.2.3. The canonical map 

(Coo ® T p E{k)) ®o P [[G]] °p -* @™ ® T P E ( k ))<3 = (&L ® ^£(*0)r 
is an isomorphism and (C^ <8> T p E(k))r — O p . 



Proof. By |Ru2 | theorem 7.7 we have an isomorphism 

This implies that the p [[T]] -module is induced and hence as p [[r]]-module 
isomorphic to P [[T]]. This implies (C^ (g> T p E(k))r — O p and the claim of 
the corollary, because the higher Tor-terms vanish. □ 

We get as a corollary part b) of theorem |l.l.5| : 
Corollary 5.2.4. The map 

■R^®Z p ^ RF(O s ,T p E{k + 1) Q p )[l] 
induced by r p , gives an isomorphism 

det 0p n^ = det 0p RT{O s ,T p E(k + l))" 1 . 
Proof. The complex TZ^ ® 7L p — > RT(Os, T p E(k + 1) ® Qp)[l] is isomorphic to 
(5£ T p £(£;))r ^ RT(O s ,T p E(k + 1) ® Q p )[l] 

because by |5.2.2j r p and e p have the same image and as O p -modules (C^ (8) 
T p E(k))r = O p and TZ^Z P ^ P . Theorem [2~2~TT| implies then the claim. □ 
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5.2.2 Finiteness of hti and injectivity of r p 



Here we prove the addition of theorem LL5 , that the finiteness of Hd implies 



that r p is injective on 1Z^. 

Recall that by corollary 5.2,2 the image of r p coincides with the image of 
e p . It suffices for the injectivity of r p to prove that r p (JZ^) is non zero, because 
7^/> — Ok- 

Proposition 5.2.5. Let H p be finite, then e p is injective. 

Proof. We chow first that H 2 finite implies the finiteness of (^4oo ®T p E(k))g. 
Note that this is the cokernel of 

(Woo ® T p E{k))g -► (^oo ® T p E{k)) g . 



Computing up to finite groups we get from corollary 2.2,7 (using corollary 
|2.2.1C| ) that this cokernel is isomorphic (up to finite groups) to the cokernel of 



H l (K< 



E\p°°](-k))* - H l {0 Sp ,E[p™]{-k)y 



which is contained in H 2 (Os p ,T p E(k + 1)). This group is of course finite if 
H 2 = H 2 (O s ,T p E(k + 1)) is finite. Thus (Ago ® T p E(k))g is finite. Using 
lemma 6.2. from [|Ru2j 1 we see that this implies that (Aoo ® T p E(k))^ is finite. 
We will now show that this last group controls the kernel of e p . It suffices to 
show that the kernel of e p on (£oo tg) T p E(k))g is finite because by [Ru2] 7.8. 



both Sqo and Coo are A- modules of rank 1 with £00/ Coo a torsion module. So 
suppose that the image of (£ 00 <g> T p E(k))g under e p has not rank 1, i.e. is 
finite. Then, because <g> T p E{k))g 2* H 1 ^ ® Q p , E\p°°](-k))* the image 
of (£00 (g) T p E(k))g in (Woo (g) T p E(k))g must be finite as well. The kernel of 
the map 

(£~oo ® T p E{k))g -> (Woo 8) T p E{k))g 

is Hi(Q ,U OQ /S oo 0T p E(k)) (group homology). On the other hand, up to finite 
groups, coronary |]23 implies that H\{Q,X 00 ®T p E{k)) ^ H 2 (0 Sp , E\jf°](-k))* 
By lemma 2.2.8| we get a commutative diagram (up to finite groups) 



H^G Moo /£ 00 ®T p E{k)) 



(£00 ® T p E{k))g 



(Uoo ® T p E(k))g 



H 1 {Q,X 00 ^T p E{k) 



H\0 Sp ,T p E{k + l)) 



H^K^Q^Elp^i-k))*. 
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The kernel of the map a is a quotient of (Aoo <8> T p E(k)) s which by the above 
is finite. Thus, we arrive at a contradiction and e p can not be zero on the free 
part of (<?oo (g> T p E(k))g. Hence, e p is non zero on (C^ (g> T p E(k))g. □ 
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